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QUANTUM SYMMETRIES OF THE TWISTED TENSOR PRODUCTS OF
C
∗
-ALGEBRAS
JYOTISHMAN BHOWMICK, ARNAB MANDAL, SUTANU ROY, AND ADAM SKALSKI
Abstract. We consider the construction of twisted tensor products in the category of C∗-
algebras equipped with orthogonal filtrations and under certain assumptions on the form of
the twist compute the corresponding quantum symmetry group, which turns out to be the
generalized Drinfeld double of the quantum symmetry groups of the original filtrations. We
show how these results apply to a wide class of crossed products of C∗-algebras by actions of
discrete groups. We also discuss an example where the hypothesis of our main theorem is not
satisfied and the quantum symmetry group is not a generalized Drinfeld double.
1. Introduction
The study of quantum symmetry groups (in the framework of compact quantum groups of
Woronowicz, [48]) has started from the seminal paper of Wang ([46]), who studied quantum per-
mutation groups and quantum symmetry groups of finite-dimensional C∗-algebras equipped with
reference states. Soon after this, the theory of quantum symmetries was extended to finite metric
spaces and finite graphs by Banica, Bichon and their collaborators (see [3,4,13], and more recently
[41] and [23]), who uncovered several interesting connections to combinatorics, representation the-
ory and free probability ([37], [43], [5] and the references therein). The next breakthrough came
through the work of Goswami and his coauthors ([9,20]), who introduced the concept of quantum
isometry groups associated to a given spectral triple á la Connes, viewed as a noncommutative
differential manifold (for a general description of Goswami’s theory we refer to a recent book [21],
another introduction to the subject of quantum symmetry groups may be found in the lecture
notes [1]). Among examples fitting in the Goswami’s framework were the spectral triples asso-
ciated with the group C∗-algebras of discrete groups, whose quantum isometry groups were first
studied in [12], and later analyzed for example in [6], [7] and [31].
Historically, the main source of examples of quantum groups was the deformation theory related
to the quantum method of the inverse problem and the desire to study a quantum version of the
Yang-Baxter equation ([18]); and in fact already this early work gave rise to the construction of
what is now called the Drinfeld double, which plays an important role in this paper. Later, when
the theory became to be viewed as one of the instances of the noncommutative mathematics à la
Connes ([16]), there was a hope that by analogy with the classical situation the quantum groups
might arise as quantum symmetries of physical objects appearing in the quantum field theory. It
is worth mentioning that Goswami’s theory was in particular applied to compute the quantum
isometry group of the finite spectral triple corresponding to the standard model in particle physics
([16], [15]), for which we refer to Chapter 9 of [21].
In fact the examples related to group C∗-algebras of discrete groups motivated Banica and
Skalski to introduce in [8] a new framework of quantum symmetry groups based on orthogonal
filtrations of unital C∗-algebras, which will be the main focus of our paper. Before we pass
to a more specific description, we should mention that Thibault de Chanvalon generalized in
[44] this approach further to orthogonal filtrations of Hilbert C∗-modules. The concept of an
orthogonal filtration of a given unital C∗-algebra A with a reference state τA is essentially a family
of mutually orthogonal (with respect to the scalar product coming from τA) finite-dimensional
subspaces spanning a dense subspace of A. The corresponding quantum symmetry group is the
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universal compact quantum group acting on A in such a way that the individual subspaces are
preserved. The article [8] proves that such a universal action always exists and discusses several
examples. The problems related to the study of quantum symmetry groups in this setup are two-
fold: first we need to construct a natural filtration on a C∗-algebra, and then we want to compute
the corresponding quantum symmetry group.
The starting point for this work was an observation that if a C∗-algebra A is equipped with an
orthogonal filtration and we have an action of a discrete group Γ on A, preserving the state τA,
then the corresponding crossed product admits a natural orthogonal filtration (Proposition 6.13),
which we will denote A˜⋊β B˜. Note here that the crossed product construction, generalizing that
of a group C∗-algebra, on one hand yields a very rich and intensely studied source of examples of
operator algebras, and on the other was originally motivated by the desire to model inside the same
C∗-algebra both the initial system, and the group acting on it in a way compatible with the action
– in other words, making the action implemented by a unitary representation. The attempts to
compute and analyze the resulting quantum symmetry groups have led, perhaps unexpectedly, to
discovering deep connections between the quantum symmetry group construction and the notion
of a generalized Drinfeld double of a pair of (locally) compact quantum groups linked through a
bicharacter, as studied for example in [2, 39]. This motivated us to extend the original question
to the context of twisted tensor products of [35].
Let A and B be C∗-algebras equipped with reduced actions γA and γB of locally compact
quantum groups G and H , respectively. Then the twisted tensor product of A and B, denoted
A⊠V1B, is a C
∗-algebra defined in terms of the maps γA, γB and a bicharacter V1 belonging to the
unitary multiplier algebra of C0(Gˆ) ⊗ C0(Hˆ). For the trivial bicharacter V1 = 1, the C
∗-algebra
A ⊠V1 B is the minimal tensor product A ⊗ B. When A,B are unital C
∗-algebras, A ⊠V1 B is a
unital C∗-algebra.
Our main result is the following: suppose thatA andB are two unital C∗-algebras equipped with
orthogonal filtrations A˜ and B˜, respectively, that γA, γB are filtration preserving reduced actions
of compact quantum groups G and H on A and B, and that V1 ∈ U(C0(Gˆ)⊗C0(Hˆ)) is a bichar-
acter. Universality of QISO(A˜) and QISO(B˜) gives a unique bicharacter V ∈ U(C0(
̂
QISO(A˜)) ⊗
C0(
̂
QISO(B˜))) lifting V1. Then one can always construct a natural orthogonal filtration A˜⊠V1 B˜
on A⊠V1B, and moreover, the resulting quantum symmetry group QISO(A˜⊠V1 B˜) is a generalized
Drinfeld double of QISO(A˜) and QISO(B˜) with respect to V (Theorem 5.1 and Theorem 5.4).
Next, we try to apply Theorem 5.4 to compute the quantum symmetry group of A ⋊β,r Γ in
terms of the quantum symmetry groups of A˜ and B˜, where the latter is a natural filtration of
C∗r (Γ). It turns out (Theorem 6.2) that if the action β of Γ on A factors through the action of the
quantum symmetry group of A˜ then indeed, we can apply Theorem 5.1 to prove that the quantum
symmetry group of A⋊β,r Γ is a generalized Drinfeld double of the quantum symmetry groups of
A˜ and B˜. Our result can be applied to a wide class of crossed products, including noncommutative
torus, the Bunce-Deddens algebra, crossed products of Cuntz algebras studied by Katsura as well
as certain crossed products related to compact quantum groups and their homogeneous spaces.
We also exhibit an example where the hypothesis of Theorem 6.2 does not hold and the quantum
symmetry group of the crossed product is not of the generalized Drinfeld double form.
In order to establish Theorem 5.4, we need a certain universal property of the universal
C∗-algebra associated with a Drinfeld double. Although in the context of quantum symmetry
groups it suffices to work with compact/discrete quantum groups, the property we mention re-
mains true in the general locally compact setting, being a natural framework for studying twisted
tensor products and Drinfeld doubles; thus we choose to consider this level of generality in the
first few sections of the paper. For locally compact quantum groups, we refer to [27, 28] and [47];
we will in fact only use the C∗-algebraic aspects of the theory.
The plan of the article is as follows: in Section 2, after fixing the notations and conventions for
locally compact quantum groups, we discuss the theories of twisted tensor product of C∗-algebras
and generalized Drinfeld doubles developed in [35] and [39], respectively. In Section 3 we study
the ‘universal C∗-algebra’ associated to the generalized Drinfeld double, and prove two results
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about its action on twisted tensor products, namely Lemma 3.4 and Theorem 3.5. Section 4 is
devoted to showing that if A and B are unital C∗-algebras equipped with orthogonal filtrations
and V is a bicharacter in the unitary multiplier algebra of C0(
̂
QISO(A˜))⊗C0(
̂
QISO(B˜)), then the
twisted tensor product A⊠VB also admits a natural orthogonal filtration A˜⊠V B˜ with respect to
the twisted tensor product state. In Section 5 we prove the main result of this article which says
that QISO(A˜⊠V B˜) is canonically isomorphic to the generalized Drinfeld double of QISO(A˜) and
QISO(B˜) with respect to the bicharacter V. Finally in Section 6 we show that the above theorem
applies to reduced crossed products A ⋊β,r Γ for group actions of a specific form (Theorem 6.2).
We also discuss several natural examples in which the assumptions of Theorem 6.2 are satisfied. In
Subsection 6.4, we show that the conclusion of Theorem 6.2 fails to hold for more general actions.
Finally we discuss further possible extensions of such a framework to twisted crossed products and
to crossed products by actions of discrete quantum groups.
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2. Preliminaries
Let us fix some notations and conventions. For a normed linear space A, A′ will denote the set
of all bounded linear functionals on A. All Hilbert spaces and C∗-algebras (which are not explicitly
multiplier algebras) are assumed to be separable. For a C∗-algebra A, let M(A) be its multiplier
algebra and let U(A) be the group of unitary multipliers of A. For two norm closed subsets X
and Y of a C∗-algebra A and T ∈M(A), let
XTY := {xTy | x ∈ X, y ∈ T }CLS
where CLS stands for the closed linear span.
Let C∗alg be the category of C∗-algebras with nondegenerate ∗-homomorphisms ϕ : A→M(B)
as morphisms from A to B (with the composition understood via strict extensions). Moreover,
Mor(A,B) will denote this set of morphisms.
Let H be a Hilbert space. A representation of a C∗-algebra A on H is a nondegenerate
∗-homomorphism A → B(H). Since B(H) = M(K(H)) (where K(H) denotes the algebra of
compact operators on H) and the nondegeneracy conditions AK(H) = K(H) and AH = H are
equivalent, we have π ∈ Mor(A,K(H)).
We write Σ for the tensor flip H⊗K → K⊗H, x⊗ y 7→ y⊗ x, for two Hilbert spaces H and K.
We write σ for the tensor flip isomorphism A⊗B → B⊗A for two C∗-algebras A and B. Further
we use the standard ‘leg’ notation for maps acting on tensor products.
2.1. Quantum groups.
Definition 2.1. A Hopf C∗-algebra is a pair (C,∆C) consisting of a C
∗-algebra C and an ele-
ment ∆ ∈ Mor(C,C ⊗ C) such that
(1) ∆C is coassociative: (∆C ⊗ idC) ◦∆C = (idC ⊗∆C) ◦∆C ;
(2) ∆C satisfies the cancellation conditions: ∆C(C)(1C ⊗ C) = C ⊗ C = (C ⊗ 1C)∆C(C).
Let (D,∆D) be a Hopf C
∗-algebra. A Hopf ∗-homomorphism from C to D is an element f ∈
Mor(C,D) such that (f ⊗ f)(∆C(c)) = ∆D(f(c)) for all c ∈ C.
A compact quantum group or CQG, in short, is described by a Hopf C∗-algebra (C,∆C) such
that C is unital (in which case C is often called a Woronowicz algebra). Hopf ∗-homomorphisms
between CQGs are called CQG morphisms.
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Example 2.2. Every compact group G can be viewed as a compact quantum group by setting C =
C(G) and (∆Cf)(g1, g2) := f(g1g2) for all f ∈ C(G), g1, g2 ∈ G. Also, every discrete group Γ
gives rise to a compact quantum group by fixing C = C∗r (Γ) and ∆C(λg) := λg ⊗ λg, where λ is
the regular representation of Γ on L2(Γ) and g ∈ Γ is arbitrary; we could as well choose here the
full group C∗-algebra C∗(Γ), as will be discussed below.
Nonunital Hopf C∗-algebras are noncommutative analogue of locally compact semigroups satis-
fying the cancellation property. The question of how one should define locally compact quantum
groups was studied for many years, with the approach by multiplicative unitaries initiated by Baaj
and Skandalis [2] and later developed in [47] by Woronowicz, and a generally accepted notion
based on von Neumann algebraic techniques proposed by Kustermans and Vaes in [29] (see also a
later paper [33]). One should note here also an earlier von Neumann algebraic approach presented
in [32], and also the fact that both articles [33] and [29] drew on the algebraic duality techniques
of [45].
Thus a locally compact quantum group G is a virtual object studied via its associated oper-
ator algebras, in particular the von Neumann algebra L∞(G) equipped with a comultiplication
∆ : L∞(G) → L∞(G)⊗L∞(G) and the left and right Haar weights. We assume that L∞(G) is
represented on L2(G), the GNS-Hilbert space of the right Haar weight. The key fact connecting
the approach of Kustermans and Vaes with these of [2] and [47] is the existence of a distinguished
unitary WG ∈ U(L2(G) ⊗ L2(G)), whose properties we will now describe.
Let H be a Hilbert space. Recall that a multiplicative unitary is an element W ∈ U(H ⊗ H)
that satisfies the pentagon equation
W23W12 = W12W13W23 in U(H⊗H⊗H). (2.1)
Define C := {(ω⊗ idH)(W) | ω ∈ B(H)∗}
CLS. When W is manageable (see [47, Theorem 1.5]), C is
a separable nondegenerate C∗-subalgebra of B(H). Moreover, the formula ∆C(c) := W(c⊗ 1)W
∗
for c ∈ C defines an element of Mor(C,C⊗C) such that (C,∆C) is a Hopf C
∗-algebra (see [42,47]),
which is said to be generated by W.
In particular when we return to the Kustermans-Vaes setup, we denote the C∗-algebra C as-
sociated to WG (with H = L2(G)) as C0(G). Note that C0(G) ⊂ L
∞(G) and the respective
coproducts are compatible and will both be denoted by ∆G (or ∆ if the context is clear).
The dual of a multiplicative unitary W ∈ U(H ⊗ H) is given by the formula Ŵ := ΣW∗Σ ∈
U(H⊗H). Moreover, Ŵ is manageable whenever W is. It turns out that if we start from a locally
compact quantum groupG we can associate to it another locally compact quantum group which we
denote Gˆ and call the dual locally compact quantum group of G, so that WGˆ = Ŵ. We naturally
have C0(Gˆ) := {(ω⊗ idH)(Ŵ) | ω ∈ B(H)∗}
CLS and ∆ˆ(cˆ) := Ŵ(cˆ⊗ 1)Ŵ
∗
for all cˆ ∈ C0(Gˆ). Since
the dual of Ŵ is equal to W, we obtain a canonical isomorphism
ˆˆ
G ≈ G.
Example 2.3. Let G be a locally compact group and µ be its right Haar measure. Then the operator
WG ∈ U(L2(G,µ)⊗L2(G,µ)) defined by (WGf)(g1, g2) = f(g1g2, g2), f ∈ L
2(G,µ), g1, g2 ∈ G, is a
(manageable) multiplicative unitary. The resulting locally compact quantum group is given simply
by the algebra C0(G) with the comultiplication determined by the formula (∆Gf)(g1, g2) = f(g1g2)
for all f ∈ C0(G), g1, g2 ∈ G. Further we have C0(Gˆ) = C
∗
r (G), and the dual comultiplication is
determined by the formula ∆ˆG(λg) = λg ⊗ λg for all g ∈ G.
Let then G be a locally compact quantum group in the sense described above. We then write
1G for the identity element ofM(C0(G)). By virtue of [48, Theorem 1.3] and [28, Theorem 3.16 &
Proposition 3.18], every compact quantum group can be also viewed as a locally compact quantum
group; for a compact quantum group G we naturally write C(G) for the (unital) C∗-algebra C0(G).
Discrete quantum groups are duals of CQGs.
Definition 2.4. Let (C,∆C) be a Hopf C
∗-algebra and D be a C∗-algebra.
(1) An element U ∈ U(D ⊗ C) is said to be a right corepresentation of C in D if and only
if (idD ⊗∆C)(U) = U12U13 in U(D ⊗ C ⊗ C).
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(2) Similarly, a left corepresentation of C in D is an element U ∈ U(C ⊗D) satisfying (∆C ⊗
idD)(U) = U23U13 in U(C ⊗ C ⊗D).
(3) In particular, if D = K(L) for some Hilbert space L, then U is said to be (right or left)
corepresentation of C on L.
An element U ∈ U(D⊗C) is a right corepresentation of C inD if and only if Uˆ := σ(U∗) ∈ U(C⊗D)
is a left corepresentation of C in D. From now on we reserve the word “corepresentation” for
right corepresentations. Moreover if G is a locally compact quantum group then we call right
corepresentations of C0(G) simply (unitary, strongly continuous) representations of G.
Consider a locally compact quantum group G and the manageable multiplicative unitary WG.
Then WG ∈ U(C0(Gˆ) ⊗ C0(G)) ⊂ U(L
2(G) ⊗ L2(G)). Thus we can also view WG as a unitary
element of the abstract C∗-algebraM(C0(Gˆ)⊗C0(G)), called the reduced bicharacter of G. Indeed,
it satisfies the following bicharacter conditions (see Definition 2.8):
(idC0(Gˆ) ⊗∆G)(W
G) = WG12W
G
13 in U(C0(Gˆ)⊗ C0(G)⊗ C0(G)); (2.2)
(∆Gˆ ⊗ idC0(G))(W
G) = WG23W
G
13 in U(C0(Gˆ)⊗ C0(Gˆ)⊗ C0(G)). (2.3)
Therefore, WG is a representation of G in C0(Gˆ) and also a (left) representation of Gˆ in C0(G).
Finally note that in fact the Haar weights will not play any significant role in this paper and
we will concentrate on the C∗-algebraic setup.
2.2. Universal algebras of locally compact quantum groups. Suppose G is a locally com-
pact group. If G is not amenable (for example, G = F2), the convolution algebra of compactly
supported continuous functions on G can have more than one C∗-algebraic completion. By com-
pleting the convolution algebra of G in the norm topology of B(L2(G)), we get the reduced group
C∗−algebra C∗r (G). On the other hand, the quantity
‖f‖u := suppi{‖π(f)‖ : π is a ∗ − representation of Cc(G)}
defines a pre-C∗-algebraic norm on the convolution algebra Cc(G). The completion of Cc(G) with
respect to ‖·‖u defines a C
∗ algebra known as the full group C∗ algebra of G and denoted by
C∗(G). There always exists a canonical surjective C∗-homomorphism from C∗(G) to C∗r (G). When
G is not amenable, this homomorphism is not one-to-one. For more details, we refer to [36]. This
explains the need to associate with any locally compact quantum group, apart from the ‘reduced
algebra of functions’, discussed in the last subsection, also its ‘universal’ counterpart, which we
describe in what follows.
Let G be a locally compact quantum group. By [27] (see also [42, Proposition 22 & Theorem
25]), the algebra C0(G) admits also a universal version, denoted C
u
0(G), characterized by the fact
that there exists a canonical 1-1 correspondence between representations of Gˆ and C∗-algebraic
representations of Cu0(G), implemented by the ‘semi-universal’ version of the multiplicative unitary
WG, denoted WG. We have WG ∈ M(C0(Gˆ) ⊗ C
u
0(G)), and W
G is in fact a representation of
Gˆ in Cu0(G). The correspondence mentioned above is of the following form: given any (left)
representation U ∈ U(C0(Gˆ) ⊗ D) of Gˆ in a C
∗-algebra D there is a unique ϕ ∈ Mor(Cu0(G), D)
with
(id⊗ ϕ)( WG) = U. (2.4)
The algebra Cu0(G) is equipped with the comultiplication ∆
u ∈ Mor(Cu0(G),C
u
0(G) ⊗ C
u
0(G)) (as
well as a ‘bi-universal multiplicative unitary’, see below) making Cu0(G) a Hopf C
∗-algebra (see [42,
Proposition 31]). By certain abuse of notation we will write idG for both idC0(G) and idCu0(G), with
the specific meaning clear from the context. For clarity, we will also sometimes write ∆uG for ∆
u.
Further note that the universality of WG gives a unique ΛG ∈ Mor(C
u
0(G),C0(G)), known as
the reducing morphism, satisfying the equations
(id⊗ ΛG)( W
G) = WG, (ΛG ⊗ ΛG) ◦∆
u = ∆ ◦ ΛG. (2.5)
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Another application of the universal property yields the existence of the character e : Cu0(G)→
C, called the counit, associated to the trivial representation of Gˆ:
(id⊗ e)( W) = 1C0(Gˆ), (2.6)
with the following property:
(e⊗ id) ◦∆u = (id⊗ e) ◦∆u = idCu
0
(G). (2.7)
Naturally the construction described above can be applied also to the dual locally compact
quantum group Gˆ, yielding the (Hopf)-C∗-algebra Cu0(Gˆ), the unitaryW
G ∈M(Cu0(Gˆ)⊗C0(G)),
reducing morphism ΛGˆ, etc. In fact Kustermans showed the existence of the ‘fully universal’
multiplicative unitary V VG ∈M(Cu0(Gˆ)⊗ C
u
0(G)) such that
WG = (ΛGˆ ⊗ ΛG)(V V
G).
We call G coamenable if the reducing morphism ΛG is an isomorphism. This is the case for
G classical or discrete. On the other hand the dual of a classical locally compact group G is
coamenable if and only if G is amenable. Indeed, we have Cu0(Gˆ) = C
∗(G), with the comulti-
plication ∆u
Gˆ
(ug) = ug ⊗ ug for all g ∈ G, where ug denotes the image of g under the universal
representation. By analogy with the notation introduced before, for a compact quantum group
G we will write simply Cu(G) for Cu0(G). Each of the algebras C(G) and C
u(G) contain then a
canonical dense Hopf *-subalgebra, Pol(G), and in fact Pol(G) may admit also other, so-called
exotic completions to Hopf C∗-algebras (see [30]).
2.3. Coactions, bicharacters and quantum group morphisms. In this short subsection we
discuss quantum group actions and the notion of morphisms between locally compact quantum
groups.
Definition 2.5. Let (C,∆C) be a Hopf C
∗-algebra. A (right) coaction of C on a C∗-algebra A is
an element γ ∈Mor(A,A⊗ C) such that
(1) γ is a comodule structure (in other words, it satisfies the action equation), that is,
(idA ⊗∆C) ◦ γ = (γ ⊗ idC) ◦ γ; (2.8)
(2) γ satisfies the Podleś condition:
γ(A)(1A ⊗ C) = A⊗ C. (2.9)
In the case where (C,∆C) = (C0(G),∆G) for a locally compact quantum group G, we call γ simply
the (reduced) action of G on A, and the pair (A, γ) is called a G-C∗-algebra. Sometimes one needs
also to consider universal actions of G (i.e. the coactions of the Hopf C∗-algebra Cu0(G)).
Let us record a consequence of the Podleś condition for ∗-homomorphisms.
Lemma 2.6. Let A,B,C be C∗-algebras with A ⊆ M(D) and let γ : A → M(D ⊗ C) be a
∗-homomorphism such that γ(A)(1D ⊗ C) = A⊗ C. Then γ ∈Mor(A,A⊗ C).
Proof. The Podleś condition implies that γ(A)(A⊗C) = γ(A)(1D⊗C)(A⊗1C) = (A⊗C)(A⊗1C ) =
A ⊗ C. Applying the adjoint to the last equality we also get (A ⊗ C)γ(A) = A ⊗ C. Thus
γ ∈Mor(A,A⊗ C). 
A covariant representation of the coaction (A, γ) on a Hilbert space H is a pair (U, ϕ) consisting
of a corepresentation U ∈ U(K(H) ⊗ C) of C on H and a representation ϕ ∈ Mor(A,K(H)) that
satisfy the covariance condition
(ϕ⊗ idC)(γ(a)) = U(ϕ(a)⊗ 1C)U
∗, a ∈ A. (2.10)
A covariant representation is called faithful if ϕ is faithful. Faithful covariant representations
always exist whenever γ is injective (see [35, Example 4.5]).
In this article we are mainly going to work with compact quantum groups G and unital
G-C∗-algebras (A, γ) with a faithful state τ on A such that γ preserves τ , i.e.
(τ ⊗ idG)(γ(a)) = τ(a)1G for all a ∈ A,
Let us note that such actions are always injective.
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Lemma 2.7. Let (A, γ) be a unital G-C∗-algebra with a faithful state τ such that γ preserves τ .
Then γ is injective.
We will now define bicharacters associated to two given Hopf C∗-algebras. This notion plays a
fundamental role in describing morphisms between locally compact quantum groups.
Definition 2.8. Let (C,∆C) and (D,∆D) be Hopf C
∗-algebras. An element V ∈ U(C ⊗ D) is
said to be a bicharacter if it satisfies the following properties
(∆C ⊗ idD)(V) = V23V13 in U(C ⊗ C ⊗D), (2.11)
(idC ⊗∆D)(V) = V12V13 in U(C ⊗D ⊗D). (2.12)
The notion of bicharacter for quantum groups is a generalization of that of bicharacters for
groups. Indeed, let G and be H be locally compact abelian groups. An element V ∈ U(C0(Gˆ)⊗
C0(Hˆ)) is simply a continuous map V: Gˆ× Hˆ → T and the conditions (2.11) and (2.12) say that
this map is a bicharacter in the classical sense.
Let G and H be locally compact quantum groups.
Example 2.9. A Hopf ∗-homomorphism f ∈ Mor(C0(G),C0(H)) induces a bicharacter Vf ∈
U(C0(Gˆ) ⊗ C0(H)) defined by Vf := (idGˆ ⊗ f)(W
G). The ‘semi-universal’ multiplicative uni-
taries W ∈ U(Cu0(Gˆ)⊗ C0(G)) and W∈ U(C0(Gˆ)⊗ C
u
0(G)) are both bicharacters.
Bicharacters in U(C0(Gˆ)⊗C0(H)) are interpreted as quantum group morphisms from G to H .
The article [34] contains a detailed study of such morphisms and provides several equivalent
pictures. Since the notion of bicharacters is going to be crucially used in the article, let us recall
some of the related definitions and results from that paper. For simplicity we will describe below
quantum group morphisms from G to Hˆ.
A right quantum group homomorphism from G to Hˆ is an element ∆R ∈Mor(C0(G),C0(G)⊗
C0(Hˆ)) with the following properties:
(∆G ⊗ idHˆ) ◦∆R = (idG ⊗∆R) ◦∆G and (idG ⊗∆Hˆ) ◦∆R = (∆R ⊗ idHˆ) ◦∆R. (2.13)
Theorem 2.10 ([34]). Let G and H be locally compact quantum groups. There are natural
bijections between the following sets:
(1) bicharacters V ∈ U(C0(Gˆ)⊗ C0(Hˆ));
(2) bicharacters V̂ ∈ U(C0(Hˆ)⊗ C0(Gˆ));
(3) right quantum group homomorphisms ∆R ∈Mor(C0(G),C0(G)⊗ C0(Hˆ));
(4) Hopf ∗-homomorphisms f ∈ Mor(Cu0(G),C
u
0(Hˆ)).
The first bijection maps a bicharacter V to its dual V̂ ∈ U(C0(Hˆ)⊗ C0(Gˆ)) defined by
V̂ := σ(V∗). (2.14)
A bicharacter V and a right quantum group homomorphism ∆R determine each other uniquely via
(idGˆ ⊗∆R)(W
G) = WG12V13. (2.15)
A bicharacter V ∈ U(C0(Gˆ) ⊗ C0(Hˆ)) and a Hopf
∗-homomorphism f ∈ Mor(Cu0(G),C
u
0(Hˆ))
determine each other uniquely by
(idG ⊗ ΛHˆ ◦ f)( W
G) = V. (2.16)
The dual bicharacter V̂ ∈ U(C0(Hˆ)⊗C0(Gˆ)) should be thought of as the dual quantum group
morphism from H to Gˆ. It corresponds to the dual right quantum group homomorphism ∆ˆR ∈
Mor(C0(Hˆ),C0(Hˆ)⊗C0(G)). Thus ∆R and ∆ˆR are in bijection as V and V̂ are. Finally, the dual
bicharacter describes a unique Hopf ∗-homomorphism fˆ ∈ Mor(Cu0(H),C
u
0(Gˆ)). Thus f and fˆ
determine each other uniquely by
(idG ⊗ ΛHˆ ◦ f)( W
G) = V = σ((idH ⊗ ΛGˆ ◦ fˆ)( W
H)∗)
Let γu be a coaction of Cu0(G) on a C
∗-algebra A. It is said to be normal if the associated
reduced action of G on A, γ := (idA⊗ΛG)◦γ
u, is injective. By virtue of [40, Theorem A.2] or [19],
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an injective coaction of C0(G) on a C
∗-algebra A lifts uniquely to a normal coaction of Cu0(G)
on A.
Yet another equivalent description of quantum group homomorphisms [34, Section 6] shows
that for an injective coaction γ ∈ Mor(A,A⊗C0(G)) and a right quantum group homomorphism
∆R ∈ Mor(C0(G),C0(G) ⊗ C0(Hˆ)) there is a unique injective coaction δ ∈ Mor(A,A ⊗ C0(Hˆ))
such that the following diagram commutes:
A A⊗ C0(G)
A⊗ C0(Hˆ) A⊗ C0(G) ⊗ C0(Hˆ)
γ
δ idA ⊗∆R
γ ⊗ idHˆ
(2.17)
Let γu denote the associated normal coaction of Cu0(G) on A and let f ∈ Mor(C
u
0(G),C
u
0(Hˆ)) be
the Hopf ∗-homomorphism corresponding to ∆R. Then we say that δ is induced from γ by ∆R
or f . The following lemma describes δ explicitly.
Lemma 2.11. The coaction δ in (2.17) is given by δ := (idA ⊗ ΛHˆ ◦ f) ◦ γ
u.
Proof. By the uniqueness of δ, it is enough to show that δ satisfies the equation
(idA ⊗∆R) ◦ γ = (γ ⊗ idHˆ) ◦ δ.
Let us recall [40, Equation 2.23]: ∆R ◦ ΛG = (ΛG ⊗ ΛHˆ ◦ f) ◦ ∆
u
G. Using this equation and
properties of γ and γu we obtain
(idA ⊗∆R) ◦ γ = (idA ⊗∆R ◦ ΛG) ◦ γ
u = (idA ⊗ (ΛG ⊗ ΛHˆ ◦ f) ◦∆
u
G) ◦ γ
u
= ((idA ⊗ ΛG) ◦ γ
u ⊗ ΛHˆ ◦ f) ◦ γ
u
= (γ ⊗ idHˆ) ◦ δ. 
2.4. Twisted tensor product C∗-algebras and the action of the Drinfeld double. In
this subsection we recall the notion of quantum group twisted tensor product of C∗-algebras as
developed in [35] and the action of the generalized Drinfeld double on the twisted tensor product
constructed in [39].
We start with the following data: let G and H be locally compact quantum groups, let (A, γA),
(B, γB), be a G-C
∗-algebra, respectively a H-C∗-algebra, such that γA and γB are injective maps
and let V ∈ U(C0(Gˆ)⊗ C0(Hˆ)) be a bicharacter (viewed as a morphism from G to Hˆ).
By [35, Lemma 3.8], there exists a V-Heisenberg pair, i.e. a Hilbert space H and a pair of
representations α ∈ Mor(C0(G),K(H)) and β ∈ Mor((C0(H),K(H)) that satisfy the following
condition:
WG1αW
H
2β =W
H
2βW
G
1αV12 in U(C0(Gˆ)⊗ C0(Hˆ)⊗K(H)). (2.18)
Here WG1α :=
(
(idGˆ ⊗ α)(W
G)
)
13
and WH2β :=
(
(idHˆ ⊗ β)(W
H)
)
23
. We recall [35, Example 3.2]
to motivate the notion of V-Heisenberg pairs. Indeed, let G = H = R and consider a standard
bicharacter V ∈ U(C0(R) ⊗ C0(R)), i.e. the map (s, t) → exp(ist). Then the maps α and β
satisfying the condition (2.18) can be equivalently described as a pair of continuous one-parameter
unitary groups (U1(s), U2(t))s,t∈R satisfying the canonical commutation relation in the Weyl form:
U1(s)U2(t) = exp(ist)U2(t)U1(s) for all s, t ∈ R.
Define jA ∈ Mor(A,A⊗B ⊗K(H)) and jB ∈ Mor(B,A⊗B ⊗K(H)) by
jA(a) :=
(
(idA ⊗ α)(γA(a))
)
13
, jB(b) :=
(
(idB ⊗ α)(γB(b))
)
23
(2.19)
for all a ∈ A, b ∈ B.
Then we have the following theorem.
Theorem 2.12 ([35, Theorem 4.6]). The space A ⊠V B := jA(A)jB(B) is a C
∗-algebra, which
does not depend (up to an isomorphism) on the choice of the V-Heisenberg pair (α, β).
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Let V = 1 ∈ U(C0(Gˆ) ⊗ C0(Hˆ)) be the trivial bicharacter. The associated twisted tensor
product of A and B is isomorphic to the minimal tensor product A⊗B. Further, if Γ is a discrete
group acting on a unital C∗-algebra A via an action β, then the reduced crossed product A⋊β,r Γ
is another particular example of the above construction. We formalize this observation in the
theorem below.
Proposition 2.13 ([35, Theorem 6.3]). Let Γ be a discrete group, and assume that γA : = β ∈
Mor(A,A⊗C0(Γ)) is a coaction of C0(Γ) on a C
∗-algebra A, that (B, γB) = (C
∗
r (Γ), ∆ˆΓ)(i.e. γB is
a canonical action of Γˆ on itself ) and that V = WΓ ∈ U(C∗r (Γ)⊗C0(Γ)) is the reduced bicharacter
for Γ. Then there exists an isomorphism Ψ: A⊠V B → A⋊β,r Γ such that for all a ∈ A, b ∈ B,
Ψ(jA(a)) = β(a), Ψ(jB(b)) = 1⊗ b. (2.20)
Here we have used the canonical faithful representations of C0(Γ) and C
∗
r (Γ) in B(ℓ
2(Γ)) in the
second legs.
The generalized Drinfeld double DV of G and H with respect to the bicharacter V is a locally
compact quantum group described (see [39, Theorem 5.1(ii)]) as follows:
C0(DV) = ρ(C0(G))θ(C0(H)), (2.21)
∆DV(ρ(x)θ(y)) = (ρ⊗ ρ)(∆G(x))(θ ⊗ θ)(∆H(y)) (2.22)
for all x ∈ C0(G) and y ∈ C0(H). Here ρ and θ form a pair of faithful representations of C0(G)
and C0(H) on a Hilbert space HD that satisfies V-Drinfeld commutation relation:
V12W
G
1ρW
H
2θ =W
H
2θW
G
1ρV12 in U(C0(Gˆ)⊗ C0(Hˆ)⊗K(HD)), (2.23)
where WG1ρ := ((idGˆ ⊗ ρ)(W
G))13 and W
H
2θ := ((idH ⊗ θ)(W
H))23.
In fact, ρ ∈ Mor
(
C0(G),C0(DV)
)
and θ ∈ Mor
(
C0(H),C0(DV)
)
are Hopf ∗-homomorphisms.
Now, [39, Lemma 6.3] shows that there is a canonical coaction γA ⊲⊳V γB ∈ Mor(A⊠VB,A⊠V
B ⊗ C0(DV)) of C0(DV) on A⊠V B defined by
γA ⊲⊳V γB(jA(a)) = (jA ⊗ ρ)(γA(a)), γA ⊲⊳V γB(jB(b)) = (jB ⊗ θ)(γB(b)) (2.24)
for all a ∈ A, b ∈ B.
Lemma 2.14. Suppose γA and γB are injective maps. Then the map γA ⊲⊳V γB defined by (2.24)
is also injective.
Proof. Without loss of generality we may assume that (UA, ϕA) and (U
B, ϕB) are faithful covariant
representations of (A, γA) and (B, γB) on the Hilbert spaces HA and HB, respectively.
There is a faithful representation Π: A⊠VB → B(HA⊗HB) such that Π(jA(a)) = ϕA(a)⊗1HB
and Π(jB(b)) = Z(1HA ⊗ ϕB(b))Z
∗, where Z ∈ U(HA ⊗HB) is the unique unitary that satisfies
UA1αU
B
2βZ12 = U
B
2βU
A
1α in U(HA ⊗HB ⊗H) (2.25)
for any V-Heisenberg pair (α, β) on H (see [35, Theorem 4.1 and 4.2]). Define a pair of repre-
sentations α˜ := (α ⊗ ρ) ◦ ∆G and β˜(y) := (β ⊗ θ) ◦ ∆H of C0(G) and C0(H) on H ⊗ HD. By
Definition 2.4.(1) for UA and UB and (2.25) we have
UA1α˜U
B
2β˜Z12 = U
A
1αU
A
1ρU
B
2βU
B
2θZ12 = U
A
1αU
B
2βU
A
1ρU
B
2θZ12 = U
B
2βU
A
1αZ
∗
12U
A
1ρU
B
2θZ12
in U(HA ⊗ HB ⊗H ⊗ HD). Here α and β are acting on the third leg and ρ and θ are acting on
the fourth leg. Similarly, we have
UB2β˜U
A
1α˜ = U
B
2βU
B
2θU
A
1αU
A
1ρ = U
B
2βU
A
1αU
B
2θU
A
1ρ (2.26)
Now (α˜, β˜) is a V-Heisenberg pair on H ⊗ HD (see the proof of [39, Lemma 6.3]). Therefore,
we have the same commutation relation (2.25) if we replace α by α˜ and β by β˜. This gives the
equality
UA1ρU
B
2θZ12 = Z12U
B
2θU
A
1ρ in U(HA ⊗HB ⊗HD). (2.27)
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Using (2.26) and (2.24) we compute (for a ∈ A, b ∈ B)
UA1ρU
B
2θ(Π(jA(a)jB(b))⊗ 1DV)(U
B
2θ)
∗(UA1ρ)
∗
= UA1ρU
B
2θ
(
(ϕA(a)⊗ 1HB ⊗ 1DV)Z12(1HA ⊗ ϕB(b)⊗ 1DV)
)
Z∗12(U
B
2θ)
∗(UA1ρ)
∗
= UA1ρ(ϕA(a)⊗ 1HB ⊗ 1DV)U
B
2θZ12(1HA ⊗ ϕB(b)⊗ 1DV)(U
A
1ρ)
∗(UB2θ)
∗Z∗12
= UA1ρ(ϕA(a)⊗ 1HB ⊗ 1DV)U
B
2θZ12(U
A
1ρ)
∗(1HA ⊗ ϕB(b)⊗ 1DV)(U
B
2θ)
∗Z∗12
= UA1ρ(ϕA(a)⊗ 1HB ⊗ 1DV)(U
A
1ρ)
∗Z12U
B
2θ(1HA ⊗ ϕB(b)⊗ 1DV)(U
B
2θ)
∗Z∗12
=
(
(ϕ1 ⊗ ρ)(γA(a))
)
13
Z12
(
(ϕ2 ⊗ θ)(γB(b))
)
23
Z∗12
= (Π⊗ idDV)
(
(jA ⊗ ρ)(γA(a))(jB ⊗ θ)(γB(b))
)
= (Π⊗ idDV)
(
γA ⊲⊳ γB(jA(a)jB(b))
)
Since Π is injective we conclude that γA ⊲⊳ γB is also injective. 
Finally note the special (trivial) case of the above construction. The generalized Drinfeld double
of locally compact groupsG andH associated to the trivial bicharacter V = 1 ∈ U(C0(Gˆ)⊗C0(Hˆ))
is just the cartesian product of the initial groups: C0(DV) = C0(G ×H). Moreover, C0(G ×H)
canonically coacts (component-wise) on A ⊗ B which is a particular case of (2.24). Furthermore
for any locally compact quantum group G the generalized Drinfeld double of G and Gˆ with respect
to the reduced bicharacter WG ∈ U(C0(Gˆ) ⊗ C0(G)) coincides with the usual Drinfeld double of
G.
3. Universal C∗-algebras of Drinfeld doubles and their universal property
LetG andH be locally compact quantum groups and let V ∈ U(C0(Gˆ)⊗C0(Hˆ)) be a bicharacter.
Recall that the dual of the generalized Drinfeld double DV is the quantum codouble D̂V defined
by
C0(D̂V) := C0(Hˆ)⊗ C0(Gˆ),
∆
D̂V
(yˆ ⊗ xˆ) := V23σ23
(
∆Hˆ(yˆ)⊗∆Gˆ(xˆ)
)
V∗23 for all xˆ ∈ C0(Gˆ), yˆ ∈ C0(Hˆ).
The goal of this section is to prove the existence of a coaction of Cu0(DV) on A⊠VB (Lemma 3.4)
satisfying a universal property formalized in Theorem 3.5. Let us start by proving the existence
of a V-Drinfeld pair at the universal level.
Proposition 3.1. There exists a unique pair of morphisms ρu ∈ Mor(Cu0(G),C
u
0(DV)) and θ
u ∈
Mor(Cu0(H),C
u
0(DV)) satisfying the following commutation relation:
V12 W
G
1ρu W
H
2θu = W
H
2θu W
G
1ρuV12 in U(C0(Gˆ)⊗ C0(Hˆ)⊗ C
u
0(DV)). (3.1)
Proof. Recall the universal representation WDV ∈ U(C0(Hˆ)⊗C0(Gˆ)⊗C
u
0(DV)) of D̂V in C
u
0(DV).
By [39, Proposition 7.9], there exist representations U1 ∈ U(C0(Gˆ)⊗C
u
0(DV)) and U
2 ∈ U(C0(Hˆ)⊗
Cu0(DV)), respectively of Gˆ and Hˆ in C
u
0(DV) such that
W
DV = U123U
2
13 and V12U
1
13U
2
23 = U
2
23U
1
13V12. (3.2)
Universality of WG and WH gives unique C∗-algebra morphisms ρu ∈ Mor(Cu0(G),C
u
0(DV)) and
θu ∈ Mor(Cu0(H),C
u
0(DV)) such that (idGˆ ⊗ ρ
u)( WG) = U1 and (idHˆ ⊗ θ
u)( WH) = U2. 
Therefore, we have
Cu0(DV) = {(ω1 ⊗ ω2 ⊗ idDV)( W
DV) | ω1 ∈ C0(Hˆ)
′, ω2 ∈ C0(Gˆ)
′}CLS
=
{
θu
(
(ω2 ⊗ idH)( W
H)
)
ρu
(
(ω1 ⊗ idG)( W
G)
)
| ω1 ∈ C0(Hˆ)
′, ω2 ∈ C0(Gˆ)
′
}CLS
= ρu(Cu0(G))θ
u(Cu0(H)).
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Since WG, WH , WDV are bicharacters (see Example 2.9), we also obtain
(idHˆ ⊗ idGˆ ⊗∆
u
DV
)( WDV)
= WDV123 W
DV
124
= ( WG1ρu)23( W
H
1θu)13( W
G
1ρu)24( W
H
1θu)14
= ( WG1ρu)23( W
G
1ρu)24( W
H
1θu)13( W
H
1θu)14
= ((idGˆ ⊗ (ρ
u ⊗ ρu) ◦∆uG)( W
G))234((idHˆ ⊗ (θ
u ⊗ θu) ◦∆uH)( W
H))134
Taking the slice on the first and second leg by ω1⊗ω2 for all ω1 ∈ C0(Hˆ)
′, ω2 ∈ C0(Gˆ)
′ and using
the first equality in (3.2) we obtain
∆uDV(ρ
u(x)θu(y)) = (ρu ⊗ ρu)(∆uG(x))(θ
u ⊗ θu)(∆uH(y))
for all x ∈ Cu0(G), y ∈ C
u
0(H).
Definition 3.2. The pair of morphisms (ρu, θu) is called the universal V-Drinfeld pair.
Lemma 3.3. The maps ρu and θu are Hopf ∗-homomorphisms. Furthermore ΛDV ◦ ρ
u = ρ ◦ ΛG
and ΛDV ◦ θ
u = θ ◦ ΛH .
Proof. The reduced bicharacter of DV is W
DV =WH2θW
G
1ρ ∈ U(C0(Hˆ)⊗C0(Gˆ)⊗C0(DV)) (see [39,
Theorem 5.1(iii)]). Using the first equality in (3.2) we have
WDV = (idGˆ ⊗ ΛDV)( W
DV) = ((idGˆ ⊗ θ)(W
H))23(idGˆ ⊗ ρ)(W
G))13
= (idHˆ ⊗ idGˆ ⊗ ΛDV)( W
DV)
= ((idHˆ ⊗ ΛDV ◦ θ
u)( WH))23((idGˆ ⊗ ΛDV ◦ ρ
u)( WG))13
in U(C0(Hˆ)⊗ C0(Gˆ)⊗ C0(DV)). The last equation implies
((idHˆ ⊗ ΛDV ◦ θ
u)( WH))∗23((idGˆ ⊗ θ)(W
H))23
= ((idGˆ ⊗ ΛDV ◦ ρ
u)( WG))13(idGˆ ⊗ ρ)(W
G))∗13
Clearly, the first leg in the term of the left hand side and the second leg in the term of the right
hand side of the above equation are trivial. Hence, both the terms are equal to 1Hˆ ⊗ 1Gˆ ⊗ u for
some element u ∈ U(C0(DV)). In particular, we have
(idGˆ ⊗ ΛDV ◦ ρ
u)( WG) = (1Gˆ ⊗ u)(idGˆ ⊗ ρ)(W
G) in U(C0(Gˆ)⊗ C0(DV)). (3.3)
Since WG is the (universal) left representation of Gˆ in Cu0(G), the unitary ((idGˆ⊗ΛDV ◦ ρ
u)( WG)
is also a representation of Gˆ in C0(DV). Also, (idGˆ ⊗ ρ)(W
G) is a left representation of Gˆ
in C0(DV). These facts force u = 1DV . Now (idGˆ ⊗ ρ)(W
G) is the bicharacter induced by the
Hopf ∗-homomorphism ρ. Then (3.3) and (2.16) show that ρu is a Hopf ∗-homomorphism which
is the unique universal lift of ρ. Slicing the first leg of the both sides of (3.3) with ω ∈ C0(Gˆ)
′ we
get ΛDV ◦ ρ
u = ρ ◦ ΛG. The rest of the proof follows in a similar way. 
3.1. Coaction on the twisted tensor products. As a prelude to the results proved in the next
section, we show that there is a unique coaction γuA ⊲⊳V γ
u
B ∈ Mor(A ⊠V B,A ⊠V B ⊗ C
u
0(DV))
satisfying some natural conditions.
Lemma 3.4. Let (A, γA) and (B, γB) be G- and H-C
∗-algebras such that γA and γB are injective.
Let γuA and γ
u
B be the respective universal normal coactions. Then there is a unique coaction γ
u
A ⊲⊳V
γuB ∈ Mor(A⊠V B,A⊠V B ⊗ C
u
0(DV)) such that
γuA ⊲⊳V γ
u
B(jA(a)) = (jA ⊗ ρ
u)(γuA(a)), γ
u
B ⊲⊳V γ
u
B(jB(b)) = (jB ⊗ θ
u)(γuB(b)) (3.4)
for all a ∈ A, b ∈ B.
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Proof. Since γA and γB are injective, the canonical coaction γA ⊲⊳V γB defined by (2.24) is injective
by Lemma 2.14. Hence, there is a unique normal coaction of Cu0(DV), denoted by γ
u
A ⊲⊳V γ
u
B, such
that
(idA⊠VB ⊗ ΛDV) ◦ γ
u
A ⊲⊳V γ
u
B = γA ⊲⊳V γB.
Therefore, by (2.24), for a ∈ A we have
(idA⊠VB ⊗ ΛDV)(γ
u
A ⊲⊳V γ
u
B(jA(a))) = γA ⊲⊳V γB(jA(a)) = (jA ⊗ ρ)(γA(a))
where the last equality uses Lemma 3.3 and the definition of induced coactions.
Let ∆r,u
DV
∈ Mor(C0(DV),C0(DV) ⊗ C
u
0(DV)) denote the universal lift of ∆DV while viewed as
coaction of C0(DV) on C0(DV). By virtue of [40, Proposition 4.8], ∆
r,u
DV
satisfies the following
condition
(ΛDV ⊗ idDV) ◦∆
u
DV
= ∆r,u
DV
◦ ΛDV . (3.5)
By (2.22) and repeated application of (3.5), (2.24) and Lemma 3.3 gives
(γA ⊲⊳V γB ⊗ idDu
V
)(γuA ⊲⊳V γ
u
B(jA(a)))
= (idA⊠B ⊗ ΛDV ⊗ idDV)((γ
u
A ⊲⊳V γ
u
B ⊗ idDV)(γ
u
A ⊲⊳V γ
u
B(jA(a))))
=
(
idA⊠B ⊗ (ΛDu
V
⊗ idDV) ◦∆
u
DV
)
(γuA ⊲⊳V γ
u
B(jA(a)))
= (idA⊠B ⊗∆
r,u
DV
)(γA ⊲⊳V γB(jA(a)))
= (idA⊠B ⊗∆
r,u
DV
)((jA ⊗ ρ)(γA(a))
= (idA⊠B ⊗∆
r,u
DV
◦ ΛDV)((jA ⊗ ρ
u)γuA(a))
=
(
idA⊠B ⊗ (ΛDV ⊗ idDV) ◦∆
u
DV
◦ ρu
)
((jA ⊗ idC0(Gu))γ
u
A(a))
=
(
jA ⊗ ΛDV ◦ ρ
u ⊗ ρu
)
((idA ⊗∆Gu)(γ
u
A(a)))
=
(
(jA ⊗ ρ ◦ ΛG) ◦ γ
u
A ⊗ ρ
u
)
(γuA(a))
= ((jA ⊗ ρ)γA ⊗ ρ
u)(γuA(a)) = (γA ⊲⊳V γB ⊗ idDuV)
(
(jA ⊗ ρ
u)(γuA(a)
)
).
Now, injectivity of γA ⊲⊳V γB gives γ
u
A ⊲⊳V γ
u
B(jA(a)) = (jA ⊗ ρ
u)γuA(a) for all a ∈ A. The second
part of (3.4) can be shown similarly. 
3.2. Universal property of Cu0 (DV). Let (γ
u
A, A) be a coaction of C
u
0(G) on a C
∗-algebra A; in
other words γuA is an action of G on the universal level.
In the spirit of [22, Definition 4.2], we say that the action γuA is faithful if the
∗-algebra generated
by the set {(ω1 ⊗ idGu)(γ
u
A(a)) | ω1 ∈ A
′, a ∈ A} is strictly dense in M(Cu0(G)). If G is compact
then we get the usual definition of faithfulness of the action γuA:
∗-algebra generated by the
set {(ω1 ⊗ idG)(γ
u
A(a)) | ω1 ∈ A
′, a ∈ A} is norm dense in Cu(G).
Theorem 3.5. Let G, H be locally compact quantum groups and let A,B be C∗-algebras. Let (A, γuA),
(B, γuB), be an action of G on A on the universal level, respectively an action of H on B on the
universal level. Assume that γuA and γ
u
B are faithful and normal.
Suppose that I is a locally compact quantum group and
(1) there is a coaction γ ∈ Mor(A⊠V B,A⊠V B ⊗ C
u
0(I)) of C
u
0(I) on A⊠V B;
(2) there are Hopf ∗-homomorphisms ρ1 ∈ Mor(C
u
0(G),C
u
0(I)) and θ1 ∈ Mor(C
u
0(H),C
u
0(I))
such that
γ ◦ jA = (jA ⊗ ρ1) ◦ γ
u
A, γ ◦ jB = (jB ⊗ θ1) ◦ γ
u
B.
Then there is a unique Hopf ∗-homomorphism Ψ ∈ Mor(Cu0(DV),C
u
0(I)) such that Ψ ◦ ρ
u = ρ1
and Ψ ◦ θu = θ1. In particular, this implies that (idA⊠VB ⊗ Ψ) ◦ γ
u
A ⊲⊳ γ
u
B ◦ jA = γ ◦ jA and
(idA⊠VB ⊗Ψ) ◦ γ
u
A ⊲⊳ γ
u
B ◦ jB = γ ◦ jB .
Proof. Denote the induced coactions of C0(G) and C0(H) on A and B by γA and γB , respectively.
Since γuA and γ
u
B are normal, γA and γB are injective.
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Let (α, β) be a V-Heisenberg pair on a Hilbert space H. Then using the definition of jA we
compute (a ∈ A)
γ(jA(a)) = (jA ⊗ ρ1)(γ
u
A(a)) =
(
((idA ⊗ α)γA ⊗ ρ1)(γ
u
A(a))
)
134
=
(
((idA ⊗ α ◦ ΛG)γ
u
A ⊗ ρ1)(γ
u
A(a))
)
134
=
(
((idA ⊗ α ◦ ΛG ⊗ ρ1)(idA ⊗∆
u
G)(γ
u
A(a))
)
134
Similarly, we obtain
γ(jB(b)) =
(
((idB ⊗ β ◦ ΛH ⊗ θ1)((idB ⊗∆
u
H)(γ
u
B(b)))
)
234
.
Let (α¯, β¯) be a V-anti-Heisenberg pair on a Hilbert space H1 (see [35, Lemma 3.6 & Lemma 3.8]
for its existence):
WH2β¯W
G
1α¯ = V12W
G
1α¯W
H
2β¯ in U(C0(Gˆ)⊗ C0(Hˆ)⊗K(H1)). (3.6)
By [40, Proposition 5.10], jA and jB satisfy the following commutation relation:
[(jA ⊗ α¯)(γA(a)), (jB ⊗ β¯)(γB(b))] = 0 for all a ∈ A, b ∈ B.
This implies that
[(γ ◦ jA ⊗ α¯)(γA(a)), (γ ◦ jB ⊗ β¯)(γB(b))] = 0 for all a ∈ A, b ∈ B.
This is in turn equivalent to[(
(idA ⊗ α ◦ ΛG ⊗ ρ1 ⊗ ΛG ◦ α¯)(idA ⊗ (idG ⊗∆Gu) ◦∆
u
G)(γ
u
A(a))
)
1345
,
(
(idB ⊗ β ◦ ΛH ⊗ θ1 ⊗ ΛH ◦ β¯)(idB ⊗ (idH ⊗∆Hu ) ◦∆
u
H)(γ
u
B(b))
)
2345
]
= 0.
Therefore, the following operators
α′(x) := (α ◦ ΛG ⊗ ρ1 ⊗ ΛG ◦ α¯)((idG ⊗∆
u
G)(∆
u
G(x))),
β′(y) := (β ◦ ΛH ⊗ θ1 ⊗ ΛH ◦ β¯)((idH ⊗∆
u
H)(∆
u
H(y)))
commute for all x = (ω1 ⊗ idG)(γ
u
A(a)) ∈ M(C
u
0(G)), y = (ω2 ⊗ idH)(γ
u
B(b)) ∈ M(C
u
0(H)),
where ω1 ∈ A
′, ω2 ∈ B
′, a ∈ A, b ∈ B. Now faithfulness of γuA and γ
u
B shows that the above
operators commute for all x ∈M(Cu0(G)) and y ∈M(C
u
0(H)); hence in particular for all x ∈ C
u
0(G)
and y ∈ Cu0(H).
Equivalently,
W
G
1α′ W
H
2β′ = W
H
2β′ W
G
1α′ in U(C0(Gˆ)⊗ C0(Hˆ)⊗K(H)⊗ C
u
0(I)⊗K(H1)). (3.7)
Using the properties of WG, WH , ΛG, ΛH and the equations (2.18), (3.6) we obtain:
W
G
1α′ W
H
2β′ = W
G
1α W
G
1ρ1W
G
1α¯W
H
2β W
H
2θ1W
H
2β¯
= WG1αW
H
2β W
G
1ρ1 W
H
2θ1W
G
1α¯W
H
2β¯
= WH2βW
G
1αV12 W
G
1ρ1 W
H
2θ1V
∗
12W
H
2β¯W
G
1α¯.
In the computation above the morphisms α, β are acting on the third leg, ρ1, θ1 are acting on the
fourth leg and α¯, β¯ are acting on the fifth leg, respectively.
Similarly, we get
W2β′ W
G
1α′ = W
H
2βW
G
1α W
H
2ρ1 W
G
1ρ1W
H
2β¯W
G
1α¯.
Then (3.7) gives
V12 W
G
1ρ1 W
H
2θ1 = W
H
2ρ1 W
G
1ρ1V12 in U(C0(Gˆ)⊗ C0(Hˆ)⊗ C
u
0(I)).
By [39, Proposition 7.9], WG1ρ1 W
H
2θ1
is a left representation of D̂V in C
u
0(I). Hence, there is a
unique η ∈Mor(Cu0(DV),C
u
0(I)) such that (idGˆ⊗ idHˆ⊗η)( W
G
1ρu W
H
2θu) = W
G
1ρ1 W
H
2θ1
, which implies
((idGˆ ⊗ η)( W
G
1ρu))((idHˆ ⊗ η)( W
H
2θu)) = W
G
1ρ1 W
H
2θ1
. Equivalently,
( WG1ρ1)
∗((idGˆ ⊗ η)( W
G
1ρu)) = W
H
2θ1((idHˆ ⊗ η)( W
H
2θu))
∗
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in U(C0(Gˆ) ⊗ C0(Hˆ) ⊗ C
u
0(I)). Hence there is a unique u ∈ U(C
u
0(I)) such that ((idGˆ ⊗ η ◦
ρu)( WG) = (idGˆ ⊗ ρ1)( W
G)(1 ⊗ u) and (idH ⊗ θ1)( W
H) = (1 ⊗ u)((idHˆ ⊗ η ◦ θ
u)( WH). Now
(idH ⊗ θ1)( W
H) ∈ U(C0(Gˆ) ⊗ C
u
0(DV)) is a left representation of Gˆ in C
u
0(DV). Repeating the
argument used in the proof of Lemma 3.3 we can conclude that u = 1 and this completes the
proof. 
4. Orthogonal filtrations of C∗-algebras and their quantum symmetries
The theory of quantum symmetry group of orthogonal filtrations first appeared in [8]. Later, M.
Thibault de Chanvalon extended the theory to Hilbert modules in the paper [44]. In this section
we recall the notions of orthogonal filtration of a unital C∗-algebra and their quantum symmetry
groups as developed in these two papers. Then, under suitable conditions, we prove the existence
of a canonical filtration of twisted tensor products.
Definition 4.1 ([44], Definition 2.4). Let A be a unital C∗-algebra and let τA be a faithful state
on A. An orthogonal filtration for the pair (A, τA) is a sequence of finite dimensional subspaces
{Ai}i≥0 such that A0 = C1A, Span ∪i≥0 Ai is dense in A and τA(a
∗b) = 0 if a ∈ Ai, b ∈ Aj and
i 6= j. We will usually write A˜ for the triple (A, τA, {Ai}i≥0) as above.
Remark 4.2. Thibault de Chanvalon’s definition replaced subspaces Ai by suitable Hilbert modules.
However, if we view a unital C∗-algebra A as a right Hilbert module over itself and we take
W = C1A and J to be the map a 7→ a
∗, then the above definition indeed coincides with the one
given in Definition 2.4 of [44]. We should mention that in the original formulation of [8] it was
additionally assumed that Span∪i≥0Ai is a ∗-algebra; at the same time the indices i were allowed
to come from an arbitrary set. We will occasionally use the latter framework without further
comment.
The following example will be crucially used throughout the rest of the article.
Example 4.3. Let Γ be a finitely generated discrete group endowed with a proper length function
l. Then the collection Bln := span{λg | l(g) = n}, n ≥ 0, forms a filtration for the pair (C
∗
r (Γ), τΓ)
where τΓ is the canonical trace on C
∗
r (Γ).
4.1. The quantum symmetry group of an orthogonal filtration.
Theorem 4.4 ([8], [44]). Let {Ai}i≥0 be an orthogonal filtration for a pair (A, τA) as above.
Let C(A˜) be the category with objects as pairs (G,α) where G is a compact quantum group, α
is an action of G on A such that α(Ai) ⊆ Ai ⊗alg C(G) for each i ≥ 0, and the morphisms
being CQG morphisms intertwining the respective actions. Then there exists a universal initial
object in the category C(A˜) called the quantum symmetry group of the filtration A˜ and denoted by
QISO(A˜). Moreover the action of QISO(A˜) on A is faithful (see Subsection 3.2 for the definition
of faithfulness).
Remark 4.5. As mentioned in Remark 4.2, the definition of an orthogonal filtration in [8] included
an additional condition, namely that Span{Ai : i ≥ 0} is a ∗-algebra. However, M. Thibault
de Chanvalon showed ([44]) that the existence of the quantum symmetry group of an orthogonal
filtration can be proved without assuming this extra condition.
Note that we assume throughout that the actions in our category are defined on the reduced
level; in fact the construction of the quantum symmetry group in [8] gives naturally an action on
the universal level (which then induces the reduced action). A certain care needs then to be taken
when one interprets the intertwining relation with respect to the CQG morphisms (acting on the
universal level), but this can be always dealt with, for example by exploiting the purely algebraic
picture of the actions (see Lemma 4.8).
Remark 4.6. Given a pair (G,α) ∈ C(A˜) we automatically deduce that the coaction α ∈Mor(A,A⊗
C(G)) is injective. This is because α preserves the faithful state τA as observed in [8], hence it is
injective by Lemma 2.7.
QUANTUM SYMMETRIES OF THE TWISTED TENSOR PRODUCTS 15
Remark 4.7. For a finitely generated countable group Γ and a fixed word-length function l, consider
the orthogonal filtration B˜ := (C∗r (Γ), τΓ, {B
l
n}n≥0) of Example 4.3. Then it can be easily seen that
(Γˆ, ∆ˆ) is an object of the category C(B˜); in particular we have a morphism from Γ̂ to QISO(B˜),
represented by a Hopf ∗-homomorphism πΓ ∈ Mor(C
u(QISO(B˜)),C∗(Γ)). Moreover, in [12], it
was proved that for Γ = Zn (n ∈ N, n 6= 4) C(QISO(C˜)) ∼= C
∗(Γ)⊕ C∗(Γ).
As an immediate application of Theorem 4.4, one can make the following observations.
Lemma 4.8. Let A˜ be as above and let (G,α) be an object in the category C(A˜). Then we have
the following:
(1) if {aij | j = 1, 2, . . . ,dim (Ai)} is a basis of Ai, then there exist elements q
i
kj ∈ Pol(G)
(i ≥ 0, k, j = 1, . . . ,dim(Ai)) such that
α(aij) =
∑
k
aik ⊗ q
i
kj for all j, k = 1, 2, . . . ,dim (Ai).
(2) The action α is faithful if and only if the C∗-algebra generated by {qikj | i ≥ 0, j, k =
1, 2, . . . ,dim (Ai)} is equal to C(G).
(3) If α is a faithful action, then the canonical morphism (in C(A˜)) from Cu(QISO(A˜)) to
C(G) is surjective.
4.2. Orthogonal filtration of a twisted tensor product. Throughout this subsection we will
work with the following notation: A˜ := (A, τA, {Ai}i≥0) and B˜ := (B, τB , {Bj}j≥0) will denote
orthogonal filtrations of unital C∗-algebras A and B, γA and γB will denote the canonical actions
of QISO(A˜) on A and QISO(B˜) on B, respectively, while V ∈ U(C0(
̂
QISO(A˜)) ⊗ C0(
̂
QISO(B˜))
will be a fixed bicharacter.
Let (α, β) be a V-Heisenberg pair on H. We will work with a realization of A ⊠V B inside
A⊗B ⊗ B(H) defined via embeddings jA and jB described by (2.19).
Since γA preserves τA and γB preserves τB, we can apply [35, Lemma 5.5] for completely positive
maps to define a functional τA ⊠V τB : A⊠V B → C by
τA ⊠V τB(jA(a)jB(b)) = τA(a)τB(b) for all a ∈ A, b ∈ B. (4.1)
Proposition 4.9. The functional τA⊠V τB is a faithful state on A⊠VB and the triple A˜⊠V B˜ :=
(A⊠V B, τA ⊠V τB, {jA(Ai)jB(Bj)}i,j≥0) is an orthogonal filtration of A⊠V B.
Proof. Define τ ′ : A ⊗ B ⊗ B(H) → B(H) by τ ′ := τA ⊗ τB ⊗ idH. Then τ
′ is a state because τA
and τB are states. By [35, Lemma 5.5], τA ⊠V τB := τ
′|A⊠B. Since τ
′ is faithful, so is its
restriction τA ⊠V τB. Therefore, τA ⊠V τB is a faithful state on A⊠V B.
Let S := Span{jA(Ai)jB(Bj) : i, j ≥ 0}. Since the density of S in A ⊠V B is clear by the
definition of A ⊠V B, we only need to prove that {jA(Ai)jB(Bj}i,j≥0 is orthogonal with respect
to τA ⊠V τB . Indeed, for all ai ∈ Ai, bj ∈ Bj , ak ∈ Ak and bl ∈ Bl, we have:
c : = τA ⊠V τB
(
(jA(ai)jB(bj))
∗jA(ak)jB(bl)
)
= τA ⊠V τB
(
jB(b
∗
j )jA(a
∗
i ak)jB(bl)
)
= (τA ⊗ τB ⊗ idH)
((
(idB ⊗ β)(γB(b
∗
j ))
)
23
(
(idA ⊗ α)(γA(a
∗
i ak))
)
13(
(idB ⊗ β)(γB(bl))
)
23
)
= (τB ⊗ idH)
((
idB ⊗ β)(γB(b
∗
j ))
)(
(τA ⊗ α)(γA(a
∗
i ak))
)(
(idB ⊗ β)(γB(bl))
))
= τA(a
∗
i ak)(τB ⊗ β)(γB(b
∗
jbl)) = τA(a
∗
i ak)τB(b
∗
jbl)1B(H).
Therefore, if (i, j) 6= (k, l), then c = 0 since τA(a
∗
i ak) = 0 if i 6= k and τB(b
∗
jbl) = 0 if j 6= l. This
proves that {jA(Ai)jB(Bj)}i,j≥0 yields an orthogonal filtration with respect to τA ⊠ τB. 
Let then (G, γ′A) and (H, γ
′
B) be objects in C(A˜) and C(B˜), respectively. Suppose V1 ∈
U(C0(Gˆ) × C0(Hˆ)) is a bicharacter. Then universality of QISO(A˜) and QISO(B˜) gives the ex-
istence Hopf ∗-homomorphisms f1 : C
u(QISO(A˜)) → C(G) and f2 : C
u(QISO(B˜)) → C(H) such
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that (idA⊗f1)◦γ
u
A = γ
′
A and (idB⊗f2)◦γ
u
B = γ
′
B. These admit universal lifts and by Theorem 2.10
induce dual Hopf ∗-homomorphisms
fˆ1 : C0(Gˆ)→ C0(
̂
QISO(A˜)) and fˆ2 : C0(Hˆ)→ C0(
̂
QISO(B˜)).
The latter maps allow us to define a bicharacter V ∈ U(C0(
̂
QISO(A˜)) ⊗ C0(
̂
QISO(B˜)) by the
formula V = (fˆ1 ⊗ fˆ2)(V1).
Corollary 4.10. In the situation above, there is a faithful state τA ⊠V1 τB on A ⊠V1 B such
that the triplet (A⊠V1 B, τA ⊠V1 τB , {j
′
A(Ai)j
′
B(Bj)}i,j≥0) is an orthogonal filtration of A⊠V1 B,
where j′A and j
′
B are embeddings of A and B into A⊠V1 B.
Proof. Clearly, γ′A and γ
′
B are injective coactions because they preserve τA and τB respectively.
Now Lemma 2.11 shows that γ′A and γ
′
B are induced by the Hopf
∗-homomorphism f1 and f2,
respectively. Therefore, by [35, Theorem 5.2], A ⊠V B and A ⊠V1 B are equivalent: there is an
isomorphism Θ ∈Mor(A⊠V B,A⊠V1 B) such that
Θ ◦ jA = j
′
A, Θ ◦ jB = j
′
B . (4.2)
Then τA ⊠V1 τB := (τA ⊠V τB) ◦Θ
−1 defines a faithful state on A⊠V1 B and the double-indexed
family {j′A(Ai)j
′
B(Bj)}i,j≥0 defines an orthogonal filtration of A ⊠V1 B with respect to τA ⊠V1
τB. 
5. Quantum symmetries of twisted tensor product
Let A˜ := (A, τA, {Ai}i≥0) and B˜ := (B, τB , {Bj}j≥0) be orthogonal filtrations of unital C
∗-algebras
A and B. Let γA and γB denote the actions of QISO(A˜) and QISO(B˜) on A and B, respectively.
Let (G, γ′A) and (H, γ
′
B) be objects in C(A˜) and C(B˜) respectively, and suppose we have a bichar-
acter V1 ∈ U(C0(Gˆ) ⊗ C0(Hˆ)). Let V ∈ U(C0(
̂
QISO(A˜)) ⊗ C0(
̂
QISO(B˜)) be the associated
bicharacter as in Corollary 4.10. By Proposition 4.9, {jA(Ai)jB(Bj)}i,j≥0 is an orthogonal fil-
tration of A ⊠V B with respect to the state τA ⊠V τB . The resulting triple will be denoted by
A˜⊠V B˜. Finally let DV denote the Drinfeld double of QISO(A˜) and QISO(B˜) with respect to the
bicharacter V. The aim of this section is to prove Theorem 5.4 which states that QISO(A˜⊠V1 B˜)
is isomorphic to DV. It turns out that this conclusion can be easily derived from the following
theorem:
Theorem 5.1. Let A˜, B˜ be orthogonal filtrations, and fix a reduced bicharacter V ∈ U(C0(
̂
QISO(A˜))⊗
C0(
̂
QISO(B˜))). The quantum symmetry group QISO(A˜ ⊠V B˜), whose existence is guaranteed by
Proposition 4.9, is isomorphic to DV, the Drinfeld double of QISO(A˜) and QISO(B˜) with respect
to the bicharacter V.
For the rest of the section, the symbol V will denote a fixed reduced bicharacter belonging to
U(C0(
̂
QISO(A˜)) ⊗ C0(
̂
QISO(B˜))). As a preparation for proving Theorem 5.1, we will first prove
some auxiliary results. Remark 4.6 shows that the coactions γA and γB are injective. By the same
argument the actions γuA and γ
u
B defined on the universal level are normal. Thus, by Lemma 3.4,
there is a coaction γuA ⊲⊳V γ
u
B of C
u
0(DV) on A ⊠V B satisfying (3.4). This allows us to show the
following fact.
Lemma 5.2. The pair (DV, γ
u
A ⊲⊳V γ
u
B) is an object in the category C(A˜ ⊠V B˜). Moreover,
γuA ⊲⊳V γ
u
B is a faithful coaction.
Proof. Let i ≥ 0, and let {vi,x | x = 1, 2, . . . ,dim(Ai)} be a basis of Ai. By Lemma 4.8, we
have elements {qikl | k, l = 1, 2, . . . ,dim(Ai)} ∈ Pol(QISO(A˜)) ⊂ C
u(QISO(A˜)) such that for each
k = 1, . . . ,dim(Ai)
γuA(vi,k) =
dim(Ai)∑
l=1
vi,l ⊗ q
i
lk.
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Moreover, by virtue of (3.4),
γuA ⊲⊳V γ
u
B(jA(vi,k)) =
dim(Ai)∑
l=1
jA(vi,l)⊗ ρ
u(qilk).
Similarly, if j ≥ 0 and {wj,m | m = 1, 2, . . . ,dim(Bj)} is a basis of Bj , then we have elements
{rjmn | m,n = 1, 2, . . . ,dim(Bj)} ∈ C
u(QISO(B˜)) such that for m = 1, 2, . . . ,dim(Bj)
γuA ⊲⊳V γ
u
B(jB(wj,m)) =
dim(Bj)∑
n=1
jB(wj,n)⊗ θ
u(rjnm).
Therefore, we can conclude that
γuA ⊲⊳V γ
u
B(jA(vi,k)jB(wj,m)) =
∑
l,n
jA(vi,l)jB(wj,n)⊗ ρ
u(qilk)θ
u(rjnm). (5.1)
Thus the map γuA ⊲⊳V γ
u
B preserves the subspace jA(Ai)jB(Bj) for each i, j ≥ 0. This proves the
first assertion.
Now we prove that the action γuA ⊲⊳V γ
u
B is faithful. By Lemma 4.8 (2) and by the equality (5.1)
it is enough to show that the C∗-algebra generated by the set {ρu(qil,k)θ
u(rjn,m) | i, j ≥ 0, l, k =
1, . . . ,dim(Ai), n,m = 1, . . . ,dim(Bj)} is equal to C
u(DV).
Since γuA and γ
u
B are faithful coactions, we have:
C∗{qilk | i ≥ 0, l, k = 1, . . . ,dim(Ai)} = C
u(QISO(A˜)),
C∗{rjnm | j ≥ 0, n,m = 1, . . . ,dim(Bj)} = C
u(QISO(B˜)).
As Cu(DV) = ρ
u(Cu(QISO(A˜)))θu(Cu(QISO(B˜))), the proof is completed. 
Next we prove the following auxiliary result.
Lemma 5.3. Let γu denote the coaction of Cu(QISO(A˜⊠V B˜)) on A⊠V B. Then
(τA ⊠V idB ⊗ idQISO(A˜⊠VB˜)
)(γu(jA(a)jB(b))) = τA(a)γ
u(jB(b)), (5.2)
(idA ⊠V τB ⊗ idQISO(A˜⊠VB˜)
)(γu(jA(a)jB(b))) = τB(b)γ
u(jA(a)) (5.3)
for all a ∈ A and b ∈ B.
Proof. By [35, Lemma 5.5], concerning equivariant completely positive maps, we have
τA ⊠V idB(jA(a)jB(b)) = τA(a)jB(b), idA ⊠V τB((jA(a)jB(b)) = τB(b)jA(a) (5.4)
for all a ∈ A, b ∈ B.
By Lemma 5.2 and Lemma 4.8 (3) it follows that there is a unique surjective Hopf ∗-homomorphism
q : Cu(QISO(A˜⊠V B˜))→ C
u(DV) such that
(idA⊠VB ⊗ q) ◦ γ
u ◦ jA = γ
u
A ⊲⊳ γ
u
B ◦ jA= (jA ⊗ ρ
u) ◦ γuA, (5.5)
(idA⊠VB ⊗ q) ◦ γ
u ◦ jB = γ
u
A ⊲⊳ γ
u
B ◦ jB= (jB ⊗ θ
u) ◦ γuB. (5.6)
Notice that the morphism γuA ⊲⊳V γ
u
B is injective as it preserves the faithful state τA ⊠V τB.
Using (5.4), (5.5) and (5.6) we get
(τA ⊠V idB ⊗ q)(γ
u(jA(a)jB(b)))
= (τA ⊠V idB ⊗ idQISO(A˜⊠VB˜)
)
(
(jA ⊗ ρ
u)(γuA(a))(jB ⊗ θ
u)(γuB(b))
)
= (τA ⊗ ρ
u)(γuA(a))(jB ⊗ θ
u)(γuB(b))
= τA(a)(jB ⊗ θ
u)(γuB(b)) = (idA⊠VB ⊗ q)
(
τA(a)γ
u(jB(b))
)
.
Note that we have shown above that
(idA⊠VB ⊗ q)
(
(τA ⊠V idB ⊗ id)(γ
u(jA(a)jB(b)))
)
= (idA⊠VB ⊗ q)
(
τA(a)γ
u(jB(b))
)
The equation (id ⊗ q) ◦ γu = γuA ⊲⊳ γ
u
B implies that id ⊗ q is injective on Ran(γ
u). Thus it
follows that (5.2) holds, if only we can show that (τA ⊠V idB ⊗ id)(γ
u(jA(a)jB(b))) belongs to
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the image of γu. For that (by density) we may assume that a ∈ Ai, b ∈ Bj for some i, j ≥ 0.
Since by definition the coaction γu preserves the subspaces jA(Ai)jB(Bj) for all i, j ≥ 0, it has to
preserve the subspaces jA(Ai) and jB(Bj) and hence γ
u(jA(a)) =
∑n
k=1 jA(ak)⊗ xk, γ
u(jB(b)) =∑n
k=1 jB(bk) ⊗ yk for some n ∈ N, a1, . . . , an ∈ Ai, b1, . . . , bn ∈ Bj and x1, . . . , xn, y1, . . . , yn ∈
Cu(QISO(A˜⊠V B˜)). Thus
(τA⊠VidB ⊗ id)(γ
u(jA(a)jB(b))) =
n∑
j,k=1
(τA ⊠V idB ⊗ id)(jA(aj)jB(bk)⊗ xjyk)
=
n∑
j,k=1
jA(τA(aj))jB(bk)⊗ xjyk =
( n∑
j=1
jA(τA(aj))jB(1)⊗ xj
)
γu(jB(b))
= (τA ⊠V τB ⊗ id)(γ
u(jA(a)jB(1)))γ
u(jB(b))
=
(
τA ⊠V τB(jA(a)jB(1))
)
γu(jB(b)) = τA(a)γ
u(jB(b)),
where in the second equality we used [35, Lemma 5.5]. This shows the desired containment and
completes the proof of (5.2).
Similarly we can show that (5.3) holds. 
We are now ready to prove Theorem 5.1.
Proof of Theorem 5.1. From the Podleś condition for γu we get
γu(A⊠B)(1A⊠VB ⊗ C
u(QISO(A˜⊠V B˜))) = A⊠ B ⊗ C
u(QISO(A˜⊠V B˜)).
Applying τA ⊠V idB ⊗ idQISO(A˜⊠VB˜)
to the both sides of the above equality and using (5.2) and
(5.4) gives
γu(jB(B))(1jB(B) ⊗ C
u(QISO(A˜⊠V B˜))) = jB(B)⊗ C
u(QISO(A˜⊠V B˜)).
Thus, γu(jB(B)) ⊆ jB(B)⊗C
u(QISO(A˜⊠V B˜)). Therefore, γ˜B :=
(
j−1B ⊗ idQISO(A˜⊠VB˜)
)
◦ γu ◦ jB
defines a coaction of Cu(QISO(A˜⊠V B˜)) on B. Moreover, (QISO(A˜⊠V B˜), γ˜B) is an object in C(B˜)
and so by Theorem 4.4, there is a Hopf ∗-homomorphism θ1 : C
u(QISO(B˜))→ Cu(QISO(A˜⊠V B˜))
such that (idB ⊗ θ1) ◦ γ
u
B = γ˜B. This yields the following equality:
(idB ⊗ θ1) ◦ γ
u
B = (j
−1
B ⊗ idQISO(A˜⊠VB˜)
) ◦ γu ◦ jB.
Hence,
(jB ⊗ θ1) ◦ γ
u
B = γ
u ◦ jB. (5.7)
Similarly, we can show that there is a coaction γ˜A of C
u(QISO(A˜⊠VB˜)) onA and a Hopf
∗-homomorphism
ρ1 : C
u(QISO(A˜))→ Cu(QISO(A˜⊠V B˜)) such that
(jA ⊗ ρ1) ◦ γ
u
A = γ
u ◦ jA. (5.8)
By the universal property of Cu(DV) proved in Theorem 3.5, there is a unique Hopf
∗-homomorphism
Ψ: Cu(DV)→ C
u(QISO(A˜⊠V B˜)) such that Ψ ◦ ρ
u = ρ1, Ψ ◦ θ
u = θ1 and
(idA⊠VB ⊗Ψ) ◦ γ
u
A ⊲⊳ γ
u
B ◦ jA = γ
u ◦ jA (5.9)
(idA⊠VB ⊗Ψ) ◦ γ
u
A ⊲⊳ γ
u
B ◦ jB = γ
u ◦ jB (5.10)
Using (5.8), (5.10) and (5.5) we have
(idA⊠VB ⊗Ψ ◦ q) ◦ γ
u ◦ jA = (jA ⊗Ψ ◦ ρ
u) ◦ γuA = (jA ⊗ ρ1) ◦ γ
u
A = γ
u ◦ jA.
Similarly, we can show that (idA⊠VB ⊗Ψ ◦ q) ◦ γ
u ◦ jB = γ
u ◦ jB. Therefore, for all ω ∈ (A⊠VB)
′
we have
(Ψ ◦ q)((ω ⊗ id
QISO(A˜⊠VB˜)
)(γu(x))) = (ω ⊗ id
QISO(A˜⊠VB˜)
)(γu(x))
for all x ∈ A⊠V B. Faithfulness of γ
u gives Ψ ◦ q(c) = c for all c ∈ Cu(QISO(A˜⊠V B˜)).
A similar computation gives
(idA⊠VB ⊗ q ◦Ψ)(γ
u
A ⊲⊳ γ
u
B(jA(a)jB(b))) = γ
u
A ⊲⊳ γ
u
B(jA(a)jB(b))
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for all a ∈ A, b ∈ B. Finally, by talking slices with ω ∈ (A ⊠V B)
′ on the first leg of the the
both sides in the above equation and using faithfulness of γuA ⊲⊳ γ
u
B we obtain (q ◦ Ψ)(d) = d for
all d ∈ Cu(DV). 
Thus we are in a position to prove the main result of this article:
Theorem 5.4. Let (G, γ′A) and (H, γ
′
B) be objects in C(A˜) and C(B˜) respectively, and suppose
we have a bicharacter V1 ∈ U(C0(Gˆ)⊗ C0(Hˆ)). Let V ∈ U(C0(
̂
QISO(A˜)) ⊗ C0(
̂
QISO(B˜)) be the
associated bicharacter as in Corollary 4.10. Then the quantum symmetry group QISO(A˜ ⊠V1 B˜)
is isomorphic to DV.
Proof. The result is an immediate consequence of Theorem 5.1, Corollary 4.10 and its proof. 
In particular, we can choose V = 1 ∈ U(C0(
̂
QISO(A˜))⊗C0(
̂
QISO(B˜)). Then A⊠VB ∼= A⊗B.
Also, by virtue of [39, Example 5.10] the reduced Drinfeld double of QISO(A˜) and QISO(B˜)
with respect to V is QISO(A˜) ⊗ QISO(B˜). Thus, denoting the filtration of A ⊗ B coming from
Proposition 4.9 by A˜ ⊗ B˜ and using the standard Cartesian product construction for compact
quantum groups (so that Cu(G×H) = Cu(G)⊗max C
u(H)) we obtain the following corollary.
Corollary 5.5. The quantum symmetry group QISO(A˜⊗B˜) is isomorphic to QISO(A˜)×QISO(B˜).
In the next example, we apply Theorem 5.4 to describe the quantum symmetry group of a class
of Rieffel deformations of unital C∗-algebras by actions of compact groups ([38], [25]). These are
examples which are not necessarily of the crossed product type; the next section is devoted to the
examples arising as reduced crossed products.
Example 5.6. Let A and B be unital C∗-algebras equipped with orthogonal filtrations. Assume
that G and H are compact abelian groups acting respectively on A and on B in the filtration
preserving way (so that they are objects of respective categories). Moreover, let χ : Gˆ × Hˆ → T
be a bicharacter. The coactions αA : A→ A ⊗ C(G) and αB : B → B ⊗ C(H) define a canonical
coaction γ of C(K) := C(G×H) on E := A⊗B. Furthermore χ defines a bicharacter ψ on Kˆ via
the formula
ψ : Kˆ × Kˆ → T, ψ((g1, h1), (g2, h2)) = χ(g2, h1)
−1, g1, g2, h1, h2 ∈ Kˆ.
Since ψ is a bicharacter, it defines a 2-cocycle on the group Kˆ. The Rieffel deformation of the data
(E, γ, ψ) yields a new unital C∗-algebra Eψ.
By Theorem 6.2 of [35], Eψ is isomorphic to A⊠ψ B. Therefore, we can apply Theorem 5.4 to
compute the quantum symmetry group of Eψ . Concrete examples can be obtained in the following
way, using the notions appearing in the next section: take A and B to be any two C∗ algebras
appearing in Examples 6.6, 6.7, 6.8, 6.9 and G = H = Tn. Then the homomorphism fλ of
Proposition 6.5 defines the required bicharacter.
6. The case of the reduced crossed products
In this section we will apply the general results obtained before for quantum symmetry groups
of twisted tensor products to the case of crossed products by discrete group actions.
6.1. Quantum symmetries of reduced crossed products. Throughout this subsection, we
will adopt the following notations and conventions. The triple A˜ := (A, τA, {Ai}i≥0) will denote an
orthogonal filtration of a unital C∗-algebraA. Further Γ will denote a discrete countable group with
a neutral element e and a proper length function l : Γ → N0, so that the C
∗-algebra B := C∗r (Γ)
has the orthogonal filtration B˜ := (C∗r (Γ), τΓ, {B
l
n}n≥0) as in Example 4.3. Symbols γ
u
A and γA
will denote respectively the universal and reduced version of the action of QISO(A˜) on A, and
WΓ will denote the reduced bicharacter associated to Γ (see Theorem 2.13). Given any action β
of Γ on A (classically viewed as a homomorphism from Γ to Aut(A), but here interpreted as a
coaction of C0(Γ), that is a morphism β ∈ Mor(A,A ⊗ C0(Γ)) satisfying the equation (2.8)), we
will denote the resulting reduced crossed product, contained inM(A⊗K(ℓ2(Γ))), as A⋊β,r Γ. As
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customary, we will write then aλg for β(a)(1 ⊗ λg), where a ∈ A, g ∈ Γ. Moreover we will write
τ := τA ◦ τ
′ ∈ S(A⋊β,r Γ), where τ
′ is the canonical conditional expectation from A ⋊β,r Γ onto
A defined by the continuous linear extension of the prescription τ ′(
∑
g agλg) = ae. Finally, given
the data as above define for each i, j ≥ 0
Aij := span{aiλgj | ai ∈ Ai, l(gj) = j}. (6.1)
Note first the following easy lemma, extending Theorem 2.13.
Lemma 6.1. Let A˜, B˜ be as above and fix an action β of Γ on A. The isomorphism Ψ: A⊠VB →
A⋊β,r Γ, discussed in Theorem 2.13 has the following properties:
τ = (τA ⊠WΓ τΓ) ◦Ψ,
and for each i, j ≥ 0 we have
Ψ(jA(Ai)jB(B
l
j)) = Aij .
Proof. Easy computation. 
The above lemma shows that we have a natural candidate for an orthogonal filtration of the
reduced crossed product. This raises two natural questions: first, when does the family {Aij :
i, j ≥ 0} indeed form an orthogonal filtration, and second, when can we determine the respective
quantum symmetry group. The next theorem involves a condition which identifies the family
{Aij : i, j ≥ 0} as an orthogonal filtration arising via the construction described in Subsection 4.2,
and further allows us to apply Theorem 5.1 to compute the quantum symmetry group in question.
Later, in Proposition 6.13, we will see another, more general situation, under which {Aij : i, j ≥ 0}
still forms an orthogonal filtration. Then of course the second question will have to be addressed
separately.
Theorem 6.2. Let A˜, B˜ be as above. Suppose that the map π ∈ Mor(Cu(QISO(A˜)),C0(Γ)) is a
Hopf ∗-homomorphism, describing quantum group morphism from Γ to QISO(A˜), and define the
action β ∈Mor(A,A⊗ C0(Γ)) as
β := (id⊗ π) ◦ γuA. (6.2)
Then the triplet (A⋊β,r Γ, τ, (Aij)i,j≥0) is an orthogonal filtration, denoted by A˜⋊β B˜.
Recall the Hopf ∗-homomorphism πΓ ∈Mor(C(QISO(B˜)),C
∗(Γ)) mentioned in Remark 4.7 and
define a bicharacter V ∈ U(C0(
̂
QISO(A˜))⊗ C0(
̂
QISO(B˜))) as
V := (π̂ ⊗ π̂Γ)(V V
Γ),
where π̂, π̂Γ denote the respective dual morphisms.
Then QISO(A˜⋊β B˜) ∼= DV, where DV is the Drinfeld double of QISO(A˜) and QISO(B˜) deter-
mined by V.
Proof. The proof proceeds via identifying the sets Aij with those constructed via Proposition 4.9.
By virtue of Lemma 2.11, the coactions β and ∆ˆΓ are induced by π and πΓ, respectively.
Note that β and ∆ˆΓ are injective. Thus we can use [35, Theorem 5.2] to deduce there is an
isomorphism Θ: A⊠V C
∗
r (Γ)→ A⊠WΓ C
∗
r (Γ) such that
Θ(j′A) = jA, Θ(j
′
B) = jB,
where j′A and j
′
B are embeddings of A and C
∗
r (Γ) into A ⊠V C
∗
r (Γ). An argument similar
to that used in the proof of Corollary 4.10 shows that the isomorphism Θ maps τA ⊠V τΓ
and {j′A(Ai)j
′
B(Bj)}i,j≥0 to τA⊠WΓτΓ and {jA(Ai)jB(Bj)}i,j≥0, respectively. Then, using Lemma 6.1,
we obtain that Ψ ◦ Θ maps τA ⊠V τΓ and {j
′
A(Ai)j
′
B(Bj)}i,j≥0 to τ and {Aij}i,j≥0, respectively.
The map Ψ ◦ Θ is an isomorphism and the triplet (A ⊠V B, τA ⊠V τΓ, {j
′
A(Ai)j
′
B(Bj)}i,j≥0) is
an orthogonal filtration by Proposition 4.9. Hence, the triplet (A ⋊β,r Γ, τ, (Aij)i,j≥0) is also an
orthogonal filtration of A⋊β,r Γ.
Then Theorem 5.1 allows us to conclude the proof. 
We quickly note that the theorem applies of course to the case of the trivial action.
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Corollary 6.3. Let A˜, B˜ be the filtrations introduced above. Let β denote the trivial action of Γ
on A. Then QISO(A˜⊗ B˜) is isomorphic to QISO(A˜)×QISO(B˜).
Proof. It suffices to recall that for a trivial action β, A ⋊β,r Γ is isomorphic with A ⊗ C
∗
r (Γ) and
apply Corollary 5.5. 
Remark 6.4. Note that the action defined by the formula (6.2) preserves the state τA. As we will
see below, this preservation alone guarantees that the family {Aij : i, j ≥ 0} forms an orthogonal
filtration. The example presented in the last part of this section will show however that if we only
assume that β preserves τA, then in general the quantum symmetry group need not be of the form
discussed above. More specifically we will prove that the quantum symmetry group QISO(A˜⋊β B˜)
need not be a Drinfeld double of QISO(A˜) and QISO(B˜) with respect to any bicharacter.
6.2. Examples. In this subsection we present several examples illustrating the scope of Theorem
6.2 and also discuss the cases in which it does not apply. We begin with the following observation,
presenting a general situation where one can apply Theorem 6.2.
Proposition 6.5. Suppose that A˜ := (A, τA, (Ai)i≥0) is an orthogonal filtration and denote as
usual by γuA the coaction of C
u(QISO(A˜)) on A. Suppose that n ∈ N and we have a quantum group
morphism from Tn to QISO(A˜), described by a Hopf ∗-homomorphism π ∈Mor(Cu(QISO(A˜)),C(Tn)).
Further let λ := (λ1, λ2, . . . , λn) ∈ T
n and define a homomorphism fλ : Z
n → Tn by the for-
mula fλ(m1,m2, . . . ,mn) = λ
m1
1 · · ·λ
mn
n and let f
∗
λ : C(T
n) → C0(Z
n) denote the associated
Hopf ∗-homomorphism.
Then the formula β := (id⊗f∗λ ◦π)◦γ
u
A defines an action β of Γ := Z
n on A and the C∗-algebra
A⋊β,r Z
n satisfies the conditions of Theorem 6.2.
Proposition 6.5 can be directly applied to the following class of examples.
Example 6.6. Let M be a compact Riemannian manifold. Assume that Tn is a subgroup of
the maximal torus of the isometry group ISO(M) for some n ≥ 1. Consider the orthogonal fil-
tration (E, τ, {Vi}i, J,W ) on C(M) coming from the Hodge-Dirac operator d + d
∗ (see Example
2.5.(1) of [44]). It is well known that (Remark 2.13 of [44] ) ISO(M) is an object of the category
C(E, τ, {Vi}i, J,W ) and thus we have a quantum groupmorphism from T
n to QISO(E, τ, {Vi}i, J,W ).
Now we can apply Proposition 6.5.
In particular, if we take M = Tn, the resulting crossed product is the 2n-dimensional noncom-
mutative torus.
Example 6.7. For q ∈ (0, 1) and G a compact semisimple Lie group, let A := C(Gq) denote the
reduced version of the q-deformation of G. It is well known that Gq is coamenable. Consider
the (reduced, ergodic) action of Gq on itself, i.e. the coproduct ∆ : A → A ⊗ A. Then the
faithful Haar state τA of A is the unique invariant state for the action ∆. For an irreducible
representation π of Gq denote by Api the linear span of its matrix coefficients. By [8, Theorem
3.6], we have an orthogonal filtration A˜ := (A, τA, {Api}pi∈Irr(Gq)) such that (C(Gq),∆) is an object
of C(A˜). Therefore, we have a Hopf ∗-homomorphism f : Cu(QISO(A˜)) → C(Gq). Let us recall
that the maximal toral subgroup Tn of G is still a quantum subgroup of Gq, so that we have
a Hopf ∗-homomorphism g : C(Gq) → C(T
n). Thus we obtain a Hopf ∗-homomorphism from
Cu(QISO(A˜)) to C(Tn) and we end up in the framework of Proposition 6.5.
Example 6.8. The situation described above can be generalized to quantum homogeneous spaces
of Gq (we continue using the same notations as above). Let H be a quantum subgroup of Gq,
given by the surjective Hopf ∗-homomorphism χ : C(Gq)→ C(H). Let C(Gq/H) := {a ∈ C(Gq) |
(χ ⊗ id)(∆(a)) = 1 ⊗ a}. We then have a reduced ergodic coaction ∆ |C(Gq/H): C(Gq/H) →
C(Gq/H) ⊗ C(Gq), and an orthogonal filtration of C(Gq/H) resulting from an application of
Theorem 3.6 of [8]. The analogous argument to that in Example 6.7 shows that the conditions of
Proposition 6.5 hold also here.
Example 6.9. This example deals with the orthogonal filtrations of Cuntz algebras constructed in
Proposition 4.5 in [24]. Let N ∈ N, and let ON be the associated Cuntz algebra. We will denote
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the canonical generators of ON by the symbols S1, . . . , SN . For a multi-index µ = (µ1, µ2, · · · , µk),
where k ∈ N and µi ∈ {1, 2, . . . , N}, we write Sµ for Sµ1 · · ·Sµk and |µ| for
∑k
i=1 µi. We have
the gauge action γ of T on ON defined by the equation γz(Si) = zSi where z ∈ T, i = 1, . . . , N.
Then the fixed point algebra OγN has a natural filtration {Wk}k≥0. The authors of [24] construct
further an orthogonal filtration {Vk,m}k,m≥0 of ON with respect to the canonical state ω. It can
be easily seen that the filtration is given by the following formulas (k ≥ 0):
Vk,0 =Wk, Vk,m = Span {Sµx : x ∈ Wk, |µ| = m} for m > 0,
Vk,m = Span {xS
∗
µ : x ∈Wk, |µ| = −m} for m < 0.
Suppose we have an action of Tn on ON which acts on each Si merely by scalar multiplication.
We claim that Proposition 6.5 applies to such actions. Indeed, it is easy to see that Tn acts
by quantum symmetries on ON . Therefore, we have a quantum group morphism from T
n to
QISO(O˜N ) and we can apply Proposition 6.5 to obtain an action of Z
n on ON satisfying the
conditions in Theorem 6.2.
The first example of such a group action is of course the gauge action γ of T defined above.
More generally, following Katsura’s prescription in Definition 2.1 of [26], we have actions of Tn on
ON defined by
βχz (Si) = χ(z)Si, i = 1, . . . , N, z ∈ T
n,
χ being a fixed character of Tn (so an element of Zn).
Then we can apply Proposition 6.5 as mentioned above.
6.3. The example of the Bunce-Deddens algebra. This subsection deals with the quantum
symmetries of the Bunce-Deddens algebra. Let us recall that the Bunce-Deddens algebra is iso-
morphic to the crossed product A ⋊β Z, where A is the commutative AF algebra of continuous
functions on the middle-third Cantor set and β is the odometer action on A. More precisely, A is
an AF algebra arising as the limit of the unital embeddings
C2 −→ C2 ⊗ C2 −→ C2 ⊗ C2 ⊗ C2 −→ · · · .
Let us recall a multi-index notation for a basis ofAn (the n-th element of the above sequence), as
introduced in [10]. For each n ∈ N, Jn will denote the set {i1i2 · · · in : ij ∈ {1, 2} for j = 1, . . . , n}.
Multi-indices in J :=
⋃
n∈N Jn will be denoted by capital letters I, J, . . . and we let the canonical
basis of the algebra An built of minimal projections be indexed by elements of Jn. Hence, the
basis vectors of An will be denoted by eI , where I belongs to Jn.
Then the natural embeddings in : An → An+1 can be described by the formula
in(eI) = eI1 + eI2, I ∈ Jn, (6.3)
where we use the standard concatenation of multi-indices.
The quantum isometry group (in the sense of [9]) of the C∗-algebra A was studied in [10]. For
more details, we refer to Chapter 5 of [21]. Indeed, we can fix a spectral triple on A coming from
the family constructed by Christensen and Ivan ([14]). It turns out (Theorem 3.1 of [10]) that
the relevant quantum isometry group of A (with respect to that triple), which we will denote S∞,
is the projective limit of the quantum isometry groups Sn of the finite dimensional commutative
C∗-algebras An, equipped with suitable spectral triples (or, equivalently, viewed as algebras of
functions on respective finite Bratteli diagrams, see [10]). More precisely, the algebras Cu(Sn) are
inductively defined by the formulas
Cu(S1) = C(Z2), C
u(Sn+1) = C
u(Sn) ∗ C
u(Sn)⊕ C
u(Sn) ∗ C
u(Sn), n ∈ N.
Let us introduce some more notation, following [10]. The algebra Cu(Sn+1) is generated by ele-
ments {aKl,Ij : K, I ∈ Jn, l, j = 1, 2}, and the coaction γ
u
n+1 of C
u(Sn+1) on An+1 is given by the
following formula:
γun+1(eIj) =
∑
K∈Jn,l=1,2
eKl ⊗ aKl,Ij , I ∈ Jn, j ∈ {1, 2}. (6.4)
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The sequence (Cu(Sn))n∈N defines an inductive system with connecting Hopf
∗-homomorphisms
φn,m : C
u(Sn)→ C
u(Sm) (if n ≤ m) satisfying the equation
φnk = φmk ◦ φnm, n < m < k.
Further one can check that for all n ∈ N we have
(in ⊗ φn,n+1) ◦ γ
u
n = γ
u
n+1 ◦ in. (6.5)
Combining (6.3) and (6.5), we see that for all n ∈ N, I, J ∈ Jn,
φn,n+1(aJ,I) = aJ1,I1 + aJ1,I2 = aJ2,I1 + aJ2,I2. (6.6)
Thus, we have a compact quantum group S∞ arising as a projective limit of this system, a
compact quantum group morphism from S∞ to Sn represented by a Hopf
∗-homomorphism
φn,∞ ∈Mor(C
u(Sn),C
u(S∞)) and a canonical coaction γ
u ∈Mor(A,A⊗ Cu(S∞)).
Let ωξ denote the canonical trace on A. As explained in Subsection 3.3 of [8], A can be
equipped with an orthogonal filtration (A,ωξ, {An \ An−1}n∈N). As a result, by Theorem 3.2 of
[8], the quantum symmetry group of (A,ωξ, {An \ An−1}n) is isomorphic to S∞.
Now let us recall the odometer action β on A. In fact the action β arises as an inductive limit
of actions βn of Γn := Z2n on An. Let In denote the element (111 · · ·1) ∈ Jn.
We first define inductively homomorphisms σn : Γn → Aut(Jn), n ∈ N. We do it as follows, for
simplicity writing σin for σn(i): first the map σ1 : J1 → J1 is defined as
σ1(1) = 2, σ1(2) = 1.
In the inductive step, for each j = 1, 2 and 0 ≤ i ≤ 2n−1, the map σin+1 : Jn+1 → Jn+1 is defined
by
σin+1(σ
k
n(In)j) = σ
k+i
n (In)j if 0 ≤ k + i ≤ 2
n − 1, j = 1, 2, (6.7)
σin+1(σ
k
n(In)j) = σ
k+i
n (In)(j + 1) if k + i ≥ 2
n, j = 1, 2, (6.8)
where j + 1 is defined mod 2 and we have used the concatenation of indices. It is clear that
Jn = {σ
i
n(In) : i = 0, 1, 2, . . . , 2
n − 1}.
Let {δj : j = 0, 1, 2 . . . , 2
n−1} denote the standard basis of the finite-dimensional (commutative)
algebra C(Γn). Then for each n ∈ N the coaction βn ∈ Mor(An,An ⊗ C(Γn)) is defined as
βn(eσin(In)) =
2n−1∑
j=0
eσjn(In) ⊗ δj−i. (6.9)
We then easily check that we have an inductive system (C(Γn), βn)n∈N of coactions, with connect-
ing morphisms ψn,m ∈ Mor(C(Γn),C(Γm)) (for n < m) such that for all n,m, k ∈ N, n < m < k,
ψn,k = ψm,k ◦ ψn,m, and a Hopf
∗-homomorphism ψn,∞ ∈ Mor(C(Γn),C0(Z)). In particular for
n ∈ N the map ψn,n+1 is given by
ψn,n+1(δ
Γn
j ) = δ
Γn+1
j + δ
Γn+1
2n+j , j = 0, . . . , 2
n − 1. (6.10)
Thus finally we can define the odometer action using the universal property of the inductive limit,
so that for all n ∈ N
β ◦ φn,∞ := (id⊗ ψn,∞) ◦ βn.
In what follows, we will replace the symbols σin and In by σ
i and I, respectively, unless there
is any risk of confusion.
Thus we have an orthogonal filtration A˜ := (A,ωξ, {An \ An−1}n∈N) of a unital C
∗-algebra A
and an action β of Z on A. In order to apply Theorem 6.2, we need a Hopf ∗-homomorphism
π ∈ Mor(Cu(QISO(A˜)), C0(Z)) such that β = (id⊗ π) ◦ γ
u
A.
In order to define π, we begin by defining a quantum group homomorphism from Cu(Sn) to
C(Γn).
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Lemma 6.10. Let n ∈ N. Define πn ∈Mor(C
u(Sn),C(Γn)) by the formula
πn(aσi(I),σj(I)) = δi−j , i, j = 1, . . . , 2
n.
Then πn is a Hopf
∗-homomorphism and
(id⊗ ψn,∞ ◦ πn) ◦ γ
u
n = β ◦ φn,∞. (6.11)
Proof. To prove that πn is a Hopf
∗-homomorphism, we need to recall the universal property of the
quantum group Sn. Let us begin by recalling that both Sn+1 and Γn+1 are quantum subgroups of
the quantum permutation group S+2n+1 . Indeed, this follows from [46] since both Sn+1 and Γn+1 are
compact quantum groups acting on An+1 ≈ C
2n+1 . In particular, the elements {aIJ : I, J ∈ Jn+1}
satisfy the magic unitary conditions of the canonical generators of C(S+2n+1). The only extra
conditions on aIJ are dictated by the following equalities (see equation (2.1) of [10]):
γun+1(in(An)) ⊆ in(An)⊗ C
u(Sn+1). (6.12)
Therefore, if δ is an action of a compact quantum group H on An+1 satisfying the condition
δ(in(An)) ⊆ in(An)⊗ C
u(H),
then we have a quantum group morphism from H to Sn given by a map Φ ∈Mor(C
u(Sn),C
u(H))
such that (id⊗Φ)◦γun+1 = δ.We claim that the action βn+1 of Γn+1 on An+1 satisfies the displayed
condition (6.12). Indeed, by (6.3), (6.7) and (6.8), for all 0 ≤ i ≤ 2n − 1 we have
βn+1(in(eσi(In))) = βn+1(eσi(I)1) + βn+1(eσi(I)2)
=
2n−1∑
j=0
[eσj(I)1 ⊗ δj−i + eσj(I)2 ⊗ δj−i+2n + eσj(I)2 ⊗ δj−i + eσj(I)1 ⊗ δj−i+2n ]
=
2n−1∑
j=0
(eσj(I)1 + eσj(I)2)⊗ (δj−i + δj−i+2n)
=
2n−1∑
j=0
in(eσj(I))⊗ (δj−i + δj−i+2n),
which proves our claim.
Finally, since (id⊗ πn) ◦ γ
u
n = βn holds, we have
(id⊗ ψn,∞ ◦ πn) ◦ γ
u
n = (id⊗ ψn,∞) ◦ βn = β ◦ φn,∞. 
We naturally need also some compatibility conditions for the morphisms introduced in the last
lemma.
Lemma 6.11. For each n ∈ N the following equality holds:
ψn,∞ ◦ πn = ψn+1,∞ ◦ πn+1 ◦ φn,n+1.
Proof. We fix n ∈ N, j, k ∈ {0, . . . , 2n − 1} and compute
(ψn+1,∞ ◦ πn+1 ◦ φn,n+1)(aσj(I),σk(I))
= (ψn+1,∞ ◦ πn+1)(aσj(I)1,σk(I)1 + aσj(I)1,σk(I)2) (by (6.6))
= ψn+1,∞(δ(j−k) + δ(2n+j−k)) (by (6.7), (6.8) and Lemma 6.10 )
= (ψn+1,∞ ◦ βn,n+1)(δj−k) (by (6.10))
= ψn,∞(δj−k)
= (ψn,∞ ◦ πn)(aσj(I),σk(I)) (by Lemma 6.10). 
We are ready for the final statement, which implies that the approach of Theorem 6.2 can be
used to produce an orthogonal filtration of the Bunce-Deddens algebra.
Proposition 6.12. There exists a Hopf ∗-homomorphism η ∈Mor(Cu(S∞),C0(Z)) such that
(id⊗ η) ◦ γu = β.
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Proof. For each n ∈ N put ηn := ψn,∞ ◦ πn : Mor(C
u(Sn),C0(Z)). Then the existence of the
C∗-homomorphism η follows from standard properties of inductive limits once we apply Lemma
6.11. Since each ηn is a Hopf
∗-homomorphism, it can be easily checked that so is η. Finally, the
equation (id⊗ η) ◦ γu = β follows from (6.11). 
6.4. A counterexample. Finally, as announced earlier, we show that the conditions of Theorem
6.2 can be weakened if we are only interested in the existence of an orthogonal filtration, but are
actually necessary to obtain the form of the quantum symmetry group appearing in that theorem.
Let us start by pointing out that a reduced crossed product can have an orthogonal filtration
under more general conditions than those assumed in Theorem 6.2.
Proposition 6.13. Let A˜ := (A, τA, (Ai)i≥0) be an orthogonal filtration. Suppose Γ is a finitely
generated discrete group having an action β on A such that τA(βg(a)) = τA(a) for all a in A,
g ∈ Γ. Then the triplet A˜ ⋊β B˜ := (A ⋊β,r Γ, τ, (Aij)i,j≥0), with Aij defined via (6.1) defines an
orthogonal filtration of the C∗-algebra A⋊β,r Γ.
Proof. First observe that A00 = C.1 and Span(∪i,j≥0Aij) is a dense *-subspace of the C
∗-algebra
A ⋊β,r Γ. Moreover, it can be easily checked that τ is faithful on A ⋊β,r Γ using the faithfulness
of τA and the canonical faithful conditional expectation τ
′ : A⋊β,r Γ→ A.
Now let i, j, p, q ≥ 0, (i, j) 6= (p, q) and consider a ∈ Aij and b ∈ Apq. We need to prove that
τ(a∗b) = 0. By linearity it suffices to assume that a = aiλγ1 and b = bpλγ2 with ai ∈ Ai, bp ∈
Ap, l(γ1) = j and l(γ2) = q. We then obtain
τ(a∗b) = τ(λγ−1
1
a∗i bpλγ2) = τ(βγ−1
1
(a∗i bp)λγ−1
1
γ2
)
= δγ1,γ2τA(βγ−1
1
(a∗i bp)) = δγ1,γ2τA(a
∗
i bp) = δjqδipδγ1,γ2τA(a
∗
i bp) = 0.
Thus the triplet (A ⋊β,r Γ, τ, (Aij)i,j≥0) defines an orthogonal filtration of the C
∗-algebra A⋊β,r
Γ. 
Remark 6.14. A sufficient condition for the condition τA(βg(a)) = τA(a) to hold is that βg(Ai) ⊆ Ai
for all g ∈ Γ, i ≥ 0. However, this is not a necessary condition as the next example shows.
For the rest of the section we will consider an example where A = C∗(Z9), and Γ = Z3. The
elements of each of these cyclic groups will be denoted by 0, 1, 2, and so on. We fix the (symmetric)
generating sets on Z3 and Z9, respectively {1, 2} and {1, 8}, so that each of the C
∗-algebras in
question is equipped with the orthogonal filtration given by the word-length function associated
with the corresponding generating set, as in Example 4.3. Let φ be an automorphism of Z9 of
order 3, given by the formula φ(n) = 4n for n ∈ Z9. It induces an action of Z3 on A = C
∗(Z9),
described by the morphism β ∈ Mor(A,A⊗ C(Z3)) via the usual formula (n ∈ Z9):
β(λn) = λn ⊗ δ0 + λφ(n) ⊗ δ1 + λφ2(n) ⊗ δ2. (6.13)
It is easy to verify that β preserves the trace τ (so that Proposition 6.13 applies), and at the
same time considering say n = 1 we see that β does not preserve the individual subspaces in the
filtration we defined on C∗(Z9).
Proposition 6.15. Consider the orthogonal filtration A˜⋊β B˜ on the algebra C
∗(Z9)⋊βZ3 defined
by the family {Aij : i, j ≥ 0} (as in Proposition 6.13). Then QISO(A˜ ⋊β B˜) is not isomorphic
to the generalized Drinfeld’s double of QISO(A˜) and QISO(B˜) with respect to any bicharacter. In
particular there is no Hopf ∗-homomorphism π ∈Mor(C(QISO(A˜),C(Z3)) such that (id⊗π)◦γ
u
A =
β.
Proof. As discussed before, the action β comes from an action of Z3 on Z9 by automorphisms,
which we denote by the same letter. We will use the identification C∗(Z9)⋊β Z3 ∼= C
∗(Z9 ⋊β Z3),
under which the state τ can be identified with the canonical tracial state on C∗(Z9⋊β Z3). We can
use the standard (symmetric) generating set to define the word-length function l : Z9⋊β Z3 → N0
and for n ≥ 0 put Un = Span{λt : t ∈ Z9 ⋊ Z3, l(t) = n}. Then (C
∗(Z9 ⋊β Z3), τA, {Un}n≥0)
is yet another orthogonal filtration of C∗(Z9) ⋊β Z3. Moreover, {Ai,j}i,j≥0 is a sub-filtration
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of {Un}n≥0 in the sense of [8] so that by Corollary 2.11 of that paper, QISO(A˜ ⋊β B˜) is a
quantum subgroup of QISO(C∗(Z9 ⋊β Z3), τ, {Un}n≥0). Now by the first computation in Section
5 of [31], C(QISO(C∗(Z9 ⋊β Z3), τ, {Un}n≥0)) is isomorphic to C
∗(Z9 ⋊β Z3)⊕ C
∗(Z9 ⋊β Z3), so
it has the vector space dimension equal 27 + 27 = 54. Therefore, the vector space dimension of
C(QISO(A˜⋊β B˜)) is no greater than 54.
On the other hand the Hopf C∗-algebra of each generalized Drinfeld’s double of QISO(A˜)) and
QISO(C˜∗(Z3)) as a vector space is isomorphic to the tensor product of C(QISO(C˜
∗(Z9))) and
C(QISO(C˜∗(Z3))). Since by Remark 4.7, C(QISO(C˜
∗(Zn))) ∼= C
∗(Zn) ⊕ C
∗(Zn) for n 6= 4, the
vector space dimension of C(QISO(C˜∗(Z9)))⊗C(QISO(C˜
∗(Z3))) equals (9+9)(3+3) = 108. This
completes the proof of the main part of the proposition.
The last statement follows now from Theorem 6.2 (but can be also shown directly).

6.5. Further perspectives. Finally we outline two possible extensions of the results of previous
subsections, namely, the cases of twisted crossed products and (twisted) crossed products by
discrete quantum groups.
Let us recall the notion of twisted crossed products (see [11] and references therein). Let Γ be
a discrete group and Ω : Γ× Γ→ S1 be a 2-cocycle on Γ, i.e, a map that satisfies the equation:
Ω(g, h)Ω(gh, k) = Ω(g, hk)Ω(h, k), g, h, k ∈ Γ.
Let us then write Ω˜(h, k) = Ω(k−1, h−1), h, k ∈ Γ. For each g ∈ Γ define λΩg and ρ
Ω˜
g to be the
‘twisted’ left and right shift operators on ℓ2(Γ), given by
λΩg = Ω˜(g
−1, ·)λg , ρ
Ω˜
g = Ω˜(·, g)ρg,
where λg and ρg are the usual shift unitaries acting on ℓ
2(Γ). It follows that λΩg λ
Ω
h = Ω(g, h)λ
Ω
gh,
ρΩ˜g ρ
Ω˜
h = Ω˜(g, h)ρ
Ω˜
gh for any g, h ∈ Γ.
The twisted group C∗-algebra C∗r (Γ,Ω) is defined as the closed linear span of {ρ
Ω˜
g | g ∈ Γ}
in B(ℓ2(Γ)). The C∗-algebra C∗r (Γ,Ω) is equipped with a canonical coaction of C
∗
r (Γ), i.e. the
morphism δ ∈ Mor(C∗r (Γ,Ω),C
∗
r (Γ,Ω)⊗ C
∗
r (Γ)) given by the formula
δ(ρΩg ) := σ(W
∗(1 ⊗ ρΩg )W) = ρ
Ω
g ⊗ ρg, g ∈ Γ, (6.14)
where the operator W ∈ U(ℓ2(Γ × Γ)) is defined by Wξ(g, h) = ξ(gh, h) (with g, h ∈ Γ) and σ is
the usual flip. Now if A is a unital C∗-algebra and β ∈ Mor(A,A⊗C0(Γ)) is a coaction, then the
twisted crossed product A⋊β,r,ΩΓ is defined as the closed linear span of Span{β(A)(1⊗C
∗
r (Γ,Ω))}
in M(A⊗K(ℓ2(Γ))).
Following the same line of argument as that in the proof of Proposition 2.13, we obtain a
C∗-algebra isomorphism
Ψ: A⊠W C
∗
r (Γ, ω)→ A⋊β,r,Ω Γ
such that for all a ∈ A and g ∈ Γ we have
Ψ(jA(a)) = β(a), Ψ(jC∗r (Γ,ω)(ρ
Ω
g )) = 1⊗ ρ
Ω
g .
Let A˜ := (A, τA, {Ai}i≥0) denote an orthogonal filtration of a unital C
∗-algebra A. Let Γ
be a discrete group with a proper length function l. Define Bl,Ωn = Span{ρ
Ω˜
g : l(g) = n}. Then
B˜ := (C∗r (Γ,Ω), τΓ, {B
l,Ω
n }n∈N) is an orthogonal filtration. Suppose β satisfies (6.2). Then by the
arguments analogous to those of Section 5 we can prove that QISO(A˜⋊β B˜) ∼= DV, where DV is
the Drinfeld double of QISO(A˜) and QISO(B˜) determined by V.
Let us finish the article by mentioning that all the results of Section 6, and in particular
Theorem 6.2, remain true if we consider actions of finitely generated discrete quantum groups
(and length functions on such quantum groups) instead of classical discrete groups. Moreover, the
results on twisted crossed products also go through for discrete quantum group actions.
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